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Abstract. The following article constitutes the first chapter of my thesis. It has been written 
as a standalone introduction to sutured Floer homology for graduate students in geometry and 
topology. It contains most of the things the author wishes she had known when she started her 
journey into the world of sutured Floer homology. 

CO ' The article is divided into three parts. The first part is an introductory level exposition of 

Lagrangian Floer homology. The second part is a construction of Heegaard Floer homology as 
a special, and slightly modified, case of Lagrangian Floer homology. The third part covers the 
background on sutured manifolds, the definition of sutured Floer homology, as well as a discus- 
C^H, sion of its most basic properties and implications (it detects the product, behaves nicely under 

surface decompositions, defines an asymmetric polytope, its Euler characteristic is computable 

^^ ■ using Fox calculus). Any errors in the article are the author's. 
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1. Introduction 

A part of today's geometry and topology uses tools built on large analytic and algebraic 
foundations. The goal of this article is to introduce the ideas behind sutured Floer homology in 
a way that exposes the depth and beauty of the theory, without getting lost in analytical detail. 
The story of Floer theory begins about 35 years ago. 

In the late 1980's, Andreas Floer developed an infinite-dimensional analogue of Morse theory 
in order to solve a special case of the Arnold conjecture [F88al lF88bl lF88c , F89]. In subsequence 
years, his work proved to be the starting point of many theories in diverse areas of mathematics 
such as geometry, topology and dynamics. 

In the early 2000's, Ozsvath and Szabo developed a set of invariants of closed 3-manifolds, 
using a slightly modified construction of Floer's theory |OS04aJ . They associate to a given closed 
3-manifold Y a variety of finitely generated Abelian groups that are referred to as 'flavours' of 
Heegaard Floer homology. The simplest and most relevant for us is the 'hat flavour' denoted by 
HF(Y). 

In 2006, Juhasz developed a Floer theory for a wide class of 3-manifolds with boundary, 
called (balanced) sutured manifolds |Ju06j . A sutured manifold is a pair (M, 7), where M is an 
oriented 3-manifold with boundary, and 7 is a collection of oriented, simple closed curves on 
dM that satisfy certain orientation requirements with respect to the orientation of dM. Then 
the sutured Floer homology of (M, 7), denoted by SFH(M,-f), is a finitely generated, bigraded 
Abelian group, whose construction is very similar to the construction of HF(Y) for a closed 
manifold Y . 

In the last section, among other things, we answer simple questions such as why sutured Floer 
homology is defined only for balanced sutured manifolds, why it is constructed like HF (and 
not some other flavour of Heegaard Floer homology), and why it does not refer to a base point 
like the Ozsvath-Szabo invariants. The answers are obvious to those familiar with sutured Floer 
homology, but may be less obvious to someone starting out in Floer theory, and wanting to work 
with sutured manifolds. We hope that this article provides a quick way into the field. 
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The remainder of this article is divided into three parts: 

• Section [2} Introductory level exposition of Lagrangian Floer homology. 

• Section[3j Construction of Heegaard Floer homology as a special, and slightly modified, 
case of Lagrangian Floer homology. 

• Section [D Background on sutured manifolds, the definition of sutured Floer homology, 
as well as a discussion of its most basic properties and implications (it detects the 
product, behaves nicely under surface decompositions, defines an asymmetric polytope, 
its Euler characteristic is computable using Fox calculus). 

As may be expected of an introduction to sutured Floer homology, Section 2] attempts to balance 
foundational details with a sufficiently large scope, so that the reader may both see some 'tricks 
of the trade' and witness a variety of results. In places, we try to fill in small gaps that may 
have been omitted in the original, 'adult' publications of (mostly) Juhasz's work. The majority 
of the exposition in that section can be understood independently of the previous sections. The 
hope is that those who do not care about the underlying Floer machinery can still familiarise 
themselves with sutured Floer homology as a powerful tool for studying sutured manifolds. 

Notation. If two topological spaces W and X are homeomorphic, we write W = X. Denote 
by \X\ the number of connected components of X. If U is an open set in X, then U denotes the 
closure of U in the topology of X. If V is another space and VflX/t), then X — V denotes 
all elements of X not in V. All homology groups are assumed to be given with Z coefficients 
unless otherwise stated. 

Figures. As this is an introductory article, and not original research, the figures have delib- 
erately been done in a style that evokes a less formal, lecture-notes format, while retaining 
clarity. 
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2. Lagrangian Floer HOMOLOGY 

Floer homology takes its name after Andraes Floer who first used it to prove a special case of 
the Arnold conjecture; he showed that the sum of the Betti numbers of a symplectic manifold 
is a lower bound for the number of 1-periodic solutions of a 1-periodic Hamiltonian system 
[Ar65j. The full conjecture is still open - it states that the number of 1-periodic solutions of a 1- 
periodic Hamiltonian system is at least the minimal number of critical points of a function on the 
manifold, and if all the 1-periodic solutions are non-degenerate, then the number of solutions 
is at least the number of critical points of a Morse function on the manifold. The Lefschetz 
fixed point theorem is related to the Arnold conjecture in the same way that the Poincare-Hopf 
theorem is related to the Morse theoretic statement that the sum of the Betti numbers of a 
manifold is a lower bound on the number of critical points of a Morse function on that manifold. 
The message to take away is that Floer's homology is a generalisation of Morse homology, and 
that the latter is a finite-dimensional model of the former. Those familiar with Morse homology 
should find the exposition in this section accessible. 

In fact, we care about the Lagrangian-theoretic version of the Arnold conjecture. We start 
with a given symplectic manifold (M, u) and Lagrangian submanifold L C M. In this setting, the 
Arnold conjecture proposes that the number of 1-chords of a Hamiltonian system both starting 
and ending in L is bounded bellow by the sum of the Betti numbers of the Lagrangian. Again, 
more generally, it proposes that the number of such 1-chords is at least the minimal number of 
critical points of a function on L, and if L is transverse to its image under the time-one map of 
the Hamiltonian system, then the number of 1-chorus is at least the number of critical points of 
a Morse function. Historically, Floer first worked on this latter version of the conjecture |F88aj . 
and his constructions form the main basis of this section. 

Let (M 2u ,uj) denote a closed connected symplectic manifold. That means that u € Q 2 (M) is 
a closed 2-form with the property that uj n is a volume form on M. Recall that a submanifold L 
of M is Lagrangian if dimL = n and oj\tl = 0. In this article we assume that all Lagrangians 
are closed. 

Under favourable conditions the Lagrangian Floer homology FLF(M,L\,Li) is a well defined 
abelian group associated to a pair of Lagrangian submanifolds. The meaning of 'favourable 
conditions' varies: Floer originally assumed that Li = <p(Li) for a Hamiltonian diffeomorphism 
(p, that 7T2(M, L\) = 0, and that L\ and Li are transverse |F88aj . In this article, we discuss one of 
the first extensions of Floer's theory due to Oh [Oh93]. In particular, Oh defined HF(M, L±, Li) 
under the following four assumptions: 

(Fl): L\ and L2 are transverse; 

(F2): L\ and Li are ('positively) monotone; 

(F3): at least one of the subgroups ii*(jri(Li)) and 02*(tti(Li)) are torsion subgroups of 

tti(M), where L}. : L/. '—* M is the inclusion for k = 1, 2; 
(F4): the minimal Maslov numbers Nl ± and Nl 2 of L\ and L2 are both at least 3. 

We refer to these as assumptions or conditions followed by these numbers (Fl— 4). 

In the remainder of Section [21 we explain these assumption and how they enable the con- 
struction of Lagrangian Floer homology. Here is a list of topics. 

12.11 Basics of pseudo-holomorphic maps. 
12.21 Setup of Lagrangian Floer homology. 

Introduction to various forms of Maslov indices. 
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Definition of Floer chain complex. 
12.51 Grading of Floer complex. 
12.61 W k,p norms and Sobolev spaces. 
12.71 Some properties of J-holomorphic curves. 

12.81 Fredholm operators and infinite-dimensional Implicit Function Theorem. 
12.91 Transversality of vertical derivative and zero section (of a Banach bundle). 
12.101 A bit about spectral flow. 

12.111 Morse theory written in the language of Floer theory. 
12.121 Spectral flow and Maslov index in the Floer case. 
12.131 Energy of pseudo-holomorphic maps. 
12.141 Compactness of moduli spaces: Gromov compactness theorems. 

2.1. Pseudo-holomorphic maps. First let us define the domain of pseudo-holomorphic maps. 
Denote by S the closed strip {Z € C | < Im(z) < 1}, which we identify with M. x [0, 1]. Let S° 
denote the interior of S identified with R x (0, 1). Next, denote by ID the closed unit disk in C, 
and by ID the open unit disk in C. The open strip S° is biholomorphic to the open unit disk 
D°, for example, via the map / : S° — > D° given by 

exp(7rz) + 1 

Let (M 2n ,uj) be a closed symplectic manifold, and J be an almost-complex structure of M. 
Recall that End(TAf ) — > M is the vector bundle with fibre over p £ M being the vector space of 
linear maps T p (M) ->■ T P (M). Then J G rEnd(TM)), that is, J is a section of End(TM) ->■ M, 
with J 2 = — 1. An almost complex structure J is said to be compatible with the symplectic from 
U) if the bilinear form gj(-, •) := cj(-, J-) is both positive definitive and symmetric, and so it is a 
Riemannian metric on M. An easy argument shows that the set of compatible almost complex 
structures J~(M,uj) is connected [McDS98, Prop. 4.1]. This means that if we think of (TM,J) 
as a complex vector bundle over M, then the Chern numbers Cf-(TM,J) are independent of 
J € J(M,ui). Specifically, we care about c\(TM, J), which we denote by c\(M) or even just c\. 

A smooth map u: S — > M is called J-holomorphic or pseudo-holomorphic with respect to J if 
the differential du is a complex linear map with respect to i and J, that is: 

du + J ■ du-i = Q, (2) 

where i is the standard complex structure on C, restricted to S. Equivalently, u is pseudo- 
holomorphic if the complex anitilinear part of du is zero, that is, if 

Bj( u ) := -(du + J-du-i)e n° A (u*TM). 

More generally, the notion of pseudo-holomorphic is defined for any pair (S,j), where S is any 

Riemann surface together with a complex structure j, and any almost complex manifold (M, J). 

Then u € C°°(5, M) is called (J, j)-holomorphic when du + J ■ du ■ j = 0. In this language the 

map in ([1]) is a pseudo-holomorphic map / from (S°,i) to (B°,i). 

For us it is sufficient to consider the strip S in C with j equal to the standard complex structure 

on S. In particular, if (s,£) are coordinates onRx [0, 1], then i (■§-) = Mr and i (4A = —■§-■, so 

in coordinates we have 

o i \ ( ^ \ 1 f9u T du\ = , / d \ 1 f du du 

&J{U) UJ = 2 U + J ^J ' dj(U) \0l) = 2{7H- J Ts 
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Thus, dj{u) = if and only if 

du T <9u\ f du T <9w\ 

T, +j m) =0 - {m- J aS) =0 - 

But the second equation gives no new information, as J (|| — «/fj) = (fj + J%)- Therefore, 
Equation ([2]) can equivalently be written as 

du ^du , . 

Ts +J m =a - (3) 

2.2. The setup. As before let (M 2n ,u) be a closed symplectic manifold, and let L\ and L2 
be two Lagrangian submanifolds of M. Note that the assumption (Fl) on the transversality 
of L\ and L2 is not very restrictive. Indeed, since L\ and Li are closed submanifolds of M, a 
standard Sard-Smale argument shows that we can always perturb L2 to get a new Lagrangian 
manifold L' 2 := tp(L2), such that L2 is transverse to L±, and ip is a Hamiltonian diffeomorphism; 
this argument is similar to, but simpler than, the transversality arguments discussed in Section 
12.91 A key property of the Floer homology groups HF{Li,L>2) proved originally by Floer [F88a, 
Sec. 3], is that they are invariant under perturbations of the form L2 ~~» (p{L2). Therefore, it is 
possible to define HF(Li,L2) even when (Fl) fails, by setting 

HF{L±,L 2 ) := HF{L u y{L 2 )), 

for any appropriate (p. (In particular, we could define HF(L,L).) 

In any case, we assume (Fl). By a dimension counting argument L\ (IL2 is zero-dimensional, 
and since L\ and L2 are compact, L\ n L2 is necessarily a finite set of points. 

Lagrangian Floer homology studies the set Mj(M, L±, L2) of smooth J-holomorphic maps u 
that satisfy 

u(lx{0})cii, u(lx{l})cl 2 , u(±oo, •) C Li n L 2 . 

The set A4j(M,Li,L2) is referred to as the moduli space of pseudo-holomorphic maps. 

Let x, y € Li n L2. Denote by A4j(x,y) C Aij(M,Li,L2) the subset of maps u such that 
the asymptotes are fixed, that is, such that u(— 00, •) = x and u(oo, •) = y. When J is fixed 
or understood, we write only A4(x, y). Note that, alternatively, a map u € A4(x, y) can be 
thought of as a map v : D — >• M that is J-holomorphic on D° and that satisfies 

u(0-B) C Li, u(a + B) C L3, 

u(-j) = x , v(i) = y, 

where 

9"B :=dnn{z eC\ lm(z) < 0}, 
9+B :=dnn{z eC\ lm(z) > 0}. 

It is sometimes useful to think of elements of -M(x, y) as maps u: S —> M and sometimes as 
maps v : B — > M and we do so interchangeably; see Figure [T] for an illustration u. Nevertheless, 
in order to help the reader, we consistently use the letter u for maps defined on S, and v for 
maps defined on B. 

Claim 2.1. For a generic almost complex structure J the set A4j(x, y) admits the structure of 
a finite- dimensional smooth manifold (possibly with components of differing dimensions). 
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Figure 1. A J-holomorphic disk v G .M(x, y). 

See Theorem 12.71 for a more precise statement. 

It is possible to view the intersection points x, y € L\ n L 2 as critical points of a function ^4 
defined on the set of paths from L\ to L 2 , and to view elements of A4(x,y) as gradient flow 
lines of A (see for example [F88a] or [Oh.12, Sec. 13.5]). Under Assumption (Fl), the function 
A is a Morse function. One way to study the spaces .M(x, y) would thus be an attempt to do 
Morse theory on A. However, this approach fails dramatically: in general the Morse index i(x) 
of an intersection point x (that is, the dimension of the negative eigenspace of the Hessian of 
A at x) is infinite. Analogously to Morse theory, we would expect the dimension A4(x,y) to 
be the difference of the Morse indices i(x) — i(y), and this is definitely not the case here as the 
difference may not even be defined. 

Floer's key breakthrough was to interpret elements of .M(x, y) not as a gradient flow lines 
of A, but as pseudo-holomorphic maps (as we do here). Put concisely, Floer realised he could 
study elements of ,M(x,y) as solutions to an elliptic PDE, rather than a hyperbolic ODE. 
Indeed, 'morally' Claim [27T1 holds because elements of A4(x, y) are solutions of an elliptic PDE, 
and so .M(x, y) is the zero set of a Fredholm operator (see Section |2T8|) . 

What Floer needed next, was a suitable index theory (to mimic the role of the Morse index in 
Morse theory). It turns out that the correct object to study is the so called Maslov index. Given 
u € -M(x, y), the local dimensional dim n A4(x, y) is the dimension of the component of .M(x, y) 
containing u, and is given by the Maslov index //([tt]) that depends only on the homotopy class 
of u in M(x, y). This dependence on the homotopy class immediately highlights an important 
difference between Floer's theory and Morse theory - in Morse theory the dimension of the 
moduli spaces depends only on the critical points themselves (and not on the gradient flow line). 
In this sense, the Lagrangian Floer homology we study here is closer to Novikov Morse theory. 

Actually, in the original paper [F88a], Floer worked with a slightly different index, called 
the Maslov- Viterbo index, which was discovered by Viterbo |V87j . However, we use the more 
'modern' approach based on the Maslov index of a bundle pair, which we study in the next 
section. 

2.3. The Maslov Index. In this section we define three different Maslov indices that eventually 
lead to the definition of /i([u]) for u G .M(x, y) as mentioned above. 

Start with the standard identification of M 2 with C n given by (x, y) 1— > z = x + iy. Then the 
standard symplectic form oj st d E fi 2 (M 2n ) on M 2n is defined to be 

u s td((ui,vi),(u 2 ,v 2 )) := U\ -V2-u 2 -Vi, 

for (uj,Vj) e T( x>y -)R 2n = R 2n . Here • denotes the Euclidean dot product. 

We now recall some elementary facts about linear symplectic geometry; we refer the reader 
to [McDS98, Chap. 2] for details and proofs of the following claims. Denote by C(n) the set 
Lag(C ra , uj std) of Lagrangian subspaces of C n with the standard symplectic structure. Let U(n) 
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be the space of unitary n x n matrices, and 0(n) the space of orthogonal n x n matrices. Then 
C{n) can be identified with the homogenous space U(n)/0(n), where 0(n) is considered as a 
subgroup of U{n) under the natural embedding. Indeed, given any L G C(n), we can write 
L = A(M n ) for some unitary matrix A G U(n). Here M n is identified with R n x {0} as a 
Lagrangian subset of C n =* R 2n , and A(W n ) = W n if and only if A G 0{n) C U(n). It follows 
that 

7ri(£(n)) = m(U(n)/0(n)) = Z 

The space £(n) has a characteristic class \i£ G H l {C{n)), called the Maslov class. The Maslov 
class gives an explicit homomorphism 7Ti(£(n)) — >• Z that takes a loop of Lagrangian subspaces 
A: S 1 — > C{n) and maps it into 

Hc(\) := deg(det 2 (A)) G Z. 

Similarly, the symplectic linear group Sp(2n,M) has a characteristic class 
fj,s G -ff 1 (Sp(2n,]R);Z). Recall that Sp(2n,M) is the group of 2n x 2n matrices B satisfying 
J s td = B 7 J s tdB for J st d '■= ( _i o )• It can be shown that Sp(2n,M) deformation retracts onto 
U(n) (regarded as a subgroup of GL(2n, H.)), and so 

7ri(Sp(2n,R)) = 7ri(Z7(n)) = Z. 

Further, this means that the determinant map det: U(n) — > S 1 can be extended to a map 
det: Sp(2n,R) — > S l that induces an isomorphism on tti. Thus, we can define a characteristic 
class ^s G i/ 1 (Sp(2n,lR)), by defining its action on a loop r: S 1 — > Sp(2n,R): 

fisir) := deg(det(r)) G Z. 

Given two loops, A : S 1 — > C{n) and r : S 1 — > Sp(2n, M), we can define another loop r • A : S 1 — > 
C(n) by setting (r • A)(t) := r(t) (A(t)). Note that r • A is well-defined, as a symplectic matrix 
maps a Lagrangian subspace of M 2n into another Lagrangian subspace, hence there is a well- 
defined action of Sp(2n,M) on C(n). The two classes fie and fis ar e related in the following 
way 

»c(t-\)=»c(\)+2iis(t), (4) 

(see |McDS981 Thm.2.35]). 

Next, we define the Maslov index of a symplectic bundle pair (E, F). Suppose X is a Riemann 
surface with non-empty boundary. Let E — )• X be a symplectic vector bundle, that is, there 
exists ijj G T(X,Q, 2 (E)) such that (E z ,uj z ) is a symplectic vector space for each z G X. Any 
such vector bundle is necessarily trivial since dX ^ [McDS98, Prop. 2.66]. Also, let F be a 
subbundle of E\qx with Lagrangian fibres, which means that for each z G dX, the subspace F z 
is Lagrangian in the symplectic vector space (E z ,uj z ). 

Let us label the connected components of dX by C±, . . . , Cfc, and parametrize each component 
via a homeomorphism with the circle, C% = S . Since E 1 is a symplectic vector bundle, we can 
pick a symplectic trivialisation $: E — > X x M 2n . Then $ defines fc loops Aj : S" 1 — >• £(n) via 

A i: =$(F| Cl ). 

Finally, define 



AiOE,F):=£ M £(Ai)e 



INTRODUCTION TO SUTURED FLOER HOMOLOGY 9 

It remains to show that the integer [a(E, F) is independent of the choice of trivialisation $. 
If ^ is another trivialisation, then the change of trivialisation function at a point z € X: 

r 2 ^^o^- 1 !^ : R 2n ^M 2n (5) 

is actually an element of Sp(2n,M). Thus if A^ := ^(FlcJ, then A£ = t\c • K, and so from 
Equation (jl|) it follows that 

k k k 

j=i «=i j=i 

Next, by definition Yli=i / x 5( r lc i ) = deg(deg(r|gx)) (since degree is additive). The key point 
is that since t\qx is defined on all of X, it must have degree zero (this is proved in [McDS98, 
Lem. 2.71]), so Yli=i A t s( r lcJ = 0. Therefore, from ([5]) we see that fj,(E,F) is the same value 
regardless of whether we use \P or <F 

It can also be shown that /j,(E, F) is invariant under homotopy in the following sense. Suppose 
that for i = 1,2, Ei — > Xi are symplectic vector bundles with Lagrangian subbundles Fi C 
Ei\dXi, and that Y is a cobordism from X\ to X 2 . Next, suppose that there exists a symplectic 
vector bundle E over Y that extends each Ei, that is E\x { = Ei, and suppose that there exists a 
symplectic vector bundle F over all of Y that extends each Fi, that is F\x t = F^. (Although, F 
is not required to be a Lagrangian subbundle of E except over dY '.) Then [Ohl21 Prop. 13.11] 
shows that 

f i(E 1 ,F 1 )=fi(E 2 ,F 2 ). 

We proceed to use fJ,(E, F) to define the three Maslov indices, two of which give rise to the 
minimal Maslov numbers in condition (F4) . We do not impose this condition now, as it is only 
necessary in the proof of the very last theorem of this section: Theorem 12.271 

Definition: Maslov index /j,l. Set X := D. Fix a Lagrangian submanifold L C M. Suppose 
that v. (D, dD) — > (M, L) is a smooth map. Then define 

li L ( v ) := fi(v*TM,v*TL). 

The homotopy invariance of /i(E,F) implies that Hl{v) depends only on v up to homotopy. 
Thus we can define the minimal Maslov number Nl of L to be the smallest positive generator 
of the group 

(M,(v) |«€tt 2 (M,L)). 

Before giving the second definition, let us set up some notation. 



Definition 2.2. As usual let L\,L 2 C M be two transverse Lagrangians. Fix x, y € L\ n L 2 - 
Denote by ir 2 (x,y) the set of homotopy classes of continuous maps /: [0, 1] x [0, 1] — ¥ M such 
that for all (s, t) G [0, 1] x [0, 1] we have 

/(0,t)=x, /(l,t)=y, 

/(a,0)€Li, f(s,l)eL 2 . 

Then for any three points x, y, z € L\ n L 2 there is a natural 'gluing' map 

fl: vr 2 (x,y) x 7r 2 (y,z) -^ tt 2 (x,z). 
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To give an explicit definition of jj, let f,g: [0, 1] x [0, 1] —> M be continuous maps such that 

[/] = 4> S vr 2 (x, y) and [g] = if; € vr 2 (y, z). 

Then we can 'glue' together / and g to get a map /#g: [0, 1] x [0, 1] — > M: 

ff „ w . f/(2s,t), (M)e [0,1/2] x [0,1], 

(g(2s-l,t), ( a ,t)€ [1/2,1] x [0,1]. 

We then define 0ftV' := /#<?, which is actually independent of the choices of representatives / 
and g, and so is well-defined. 

Remark that (J defines a free and transitive action of 7T2(x,x) on 7T2(x,y). 

Definition: Maslov index fj>. We now define an index function fi: 7T2(x,y) — > Z that we 
simply call the Maslov index. One reference for this material is [Ohl2, Sec. 13.6]. 

Take X = [0,1] x [0,1]. For each intersection point x € L\ n L 2 , let V* C Lag(T x M, u^) 
denote the set of all Lagrangian subspaces of T X M with the property that if A G Vx, then 
dimT x Li n A > 1. In other words, Vx is the set of Lagrangian subspaces of T X M that are not 
transverse to T X L\. Now let A x denote a path of Lagrangian subspaces such that 

Ax(0)=T x L 1 , A x (l) = T X L 2 , A x (t)rhT x L!, Vie (0,1], 

^A x (0) T TxLi y x = T TxLl Lag(T x M,w x ). 

(This last condition says that A is transverse to the Maslov cycle V x .) Suppose /: X — > M 
represents an element eft € 7T2(x,y). Set E := f*TM, and define F to be given by f*TL\ and 
f*TL>2 on the two horizontal sides (t = and t = 1), and by A x and A y on the two vertical 
sides (s = and s = 1). The homotopy invariance property of the Maslov index of a bundle 
pair implies that (J,(E, F) depends only on the homotopy class </>, so //(</>) := fJ>(E, F) gives a 
well-defined map 

/x: 7r 2 (x,y) ->■ Z, 

and since the Maslov index is additive under the concatenation of bundle pairs, we have that 

/ i(#v) = M0) + MV')- (6) 

Lastly, we give the third definition. 

Definition: Maslov index /iLi,L 2 - Take X = [0, 1] xS 1 . Suppose c: X — >• M satisfies 

c({0} x S 1 ) C Li and c({l} x S 1 ) C L 2 . 

Then we can define 

ti LlM (c):=»(c*TM,F), 

where -F(o,-) = c*TL\ and ^(i,.) = c*TL2- We define Nl-i,L2 to be the smallest positive generator 
of the group (fJ,Li,L 2 ( c )) as c ranges over the homotopy classes of such maps. 

Lemma 2.3. For any 4>,ip £ ^2(2:, y) the following holds 

H{4>) = fj,(ip) mod N LltL2 . 
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Proof. We can write, 4> = 0§ip, for some 9 € ^(x, x). A representative /: [0, 1] x [0, 1] — > M for 
8 can also be regarded as a map /: [0, 1] x S 1 —> M satisfying 

/({0} x S 1 ) C Li and /({l} x S 1 ) C L 2 . 

As € 7T2(x, x), the contribution to fj,{9) arising from the paths A x cancel out; in particular, It 
follows from the definitions that 

K d ) = /J>L u L 2 {f)- 
So fi(0) = mod Nl 1: l 2 , and hence by the additivity of the Maslov index (Equation ©) if 
follows that jx{4>) = MVO mod Nl x ^ 2 . D 

Remark 2.4. Fix a G ^(M). We can always choose a representative /: S 2 — > M of a with 
the additional property that 

/(north pole) € Li and /(south pole) € Li- 

Then ^Li,L 2 (f) 1S well-defined (just consider it as a map from [0, 1] x S 1 taking {0} x S 1 to the 
north pole, and similarly {1} x S 1 to the south pole). It can be shown (see [V87j ) that in this 
case we have 

^,L 2 (/) = 2 Cl (/*([5 2 ]), (7) 

where c\ € H 2 (M) is the first Chern class of (TM, J), the class [S 2 ] G H2(S 2 ) is the fundamental 
class, and /* : H2(S 2 ) — > H2(M) is the induced map on homology. 

Let us now give a precise definition of (F2). 

Definition 2.5. A Lagrangian manifold IcMis called (positively) monotone if there exists a 
positive constant c > such that for any smooth map u: (D 2 , dD 2 ) — > (M, L) we have 



Hl(u) = c u*u. (8) 

Jd 2 

There is an analogous notion of monotonicity for a symplectic manifold (M, u). Namely, 

(M, uj) is a (positively) monotone symplectic manifold if there exists a constant C > such that 

for any smooth map u: S 2 — > M one has 



C u*uj = 2a(u*([S 2 ])). 
Js 2 

In fact, monotone Lagrangians can only exist in monotone symplectic manifolds. Indeed, 
as in Remark 12.41 the point is that if u: S 2 — > M satisfies u(north pole) € L then hl(u) = 
2ci(u*([S 2 ])), and conversely (as M is always assumed connected), any map u: S 2 — > M may 
be assumed to satisfy u(north pole) G L. Thus if L is monotone with constant c > 0, then M 
itself is monotone with constant C = 2c. This also shows that if L\ and L<i are both monotone, 
then they are monotone with the same monotonicity constant. 

Moreover, if we define Nm, the minimal Chern number of (M,u) to be the smallest positive 
generator of the group 

{(d,h) | heH${M,Z)}, 

where H^MjZ,) denotes the subgroup of homology classes that can be represented by maps 
from S 2 into M, then necessarily 

N L | 2N M , 

and similarly 

N Ll ,L 2 | 2N M . 
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As we see below, it is a general fact that (when defined) we can always grade the Floer 
homology groups HF{L\,Li) modulo Nl 1 ^ 2 - This is sometimes not very satisfactory, as it can 
be hard to compute Nl x ,l 2 - In the next remark we discuss how, under additional assumptions 
on the Lagrangians, this can be relaxed. 

Remark 2.6. We construct the Floer homology groups assuming four conditions (Fl— 4) hold. 
As discussed above, condition (F2) implies that (M,oj) is itself monotone. Suppose we replace 
condition (F2) with the (generally weaker) statement that (M, uj) is monotone, but at the same 
time we strengthen condition (F3) to require that both L\ and Li are simply connected. In this 
case both L\ and Li are monotone, and the following holds 

N Ll = N L2 = N LuL2 = 2N M . (9) 

This implies that we could also replace condition (F4) with the requirement that Nm > 2. 
Asking that both L\ and Li are simply connected is a significantly stronger assumption, so in 
general we prefer to work with conditions (Fl— 4) as originally stated. However, this stronger 
assumption does allow for a more satisfactory solution to the grading problem. Indeed, in this 
case the Floer homology can be graded modulo 2Nm- Not only is this independent of the choice 
of Lagrangians, but it is also often much easier to compute Nm than Nl 1: l 2 - Let us now prove 
©• 

Proof of Q. We prove that Nl = 2Nm if (M,oj) is monotone and L is a simply connected 
Lagrangian. The other statements are similar. 

Suppose u: (D 2 ,dD 2 ) — > (M,L) satisfies Hl(u) = Nl- Since L is simply connected, u\g D 2 
bounds a disc v. D 2 — > L. Let w: S 2 — > M denote the map obtained by gluing v onto u. Since 
v is contained in L, we have 

N L = (i L (u) = ii L (w) = 2ci(w4(S 2 )}) = 2jN M 

for some integer j € N. Since we already know that Nl \ 2Nm, we must have Nl = 2Nm- This 
completes the proof. □ 

Let us return to the moduli space A4(x, y). Having now defined the Maslov index, we can give 
a slightly more precise statement of Claim I2TT1 Since S is homotopy equivalent to [0, 1] x [0, 1], 
every element u £ -M(x, y) belongs to a unique class <\> G ^(x, y); by a slight abuse of notation, 
we write u £ (f). This induces a decomposition 

M(x,y)= [J M(x,y;$, 

0G7r 2 (x,y) 

where 

M(x, y; 0) := {u G A4(x, y)\u€ (j)}. 

Here is the more precise statement of Claim 12.11 note that for it to be true we only require 
condition (Fl). 

Theorem 2.7. Assume that L\ and Li satisfy (Fl). Then A4(x, y; <fi) has the structure of a 
finite- dimensional smooth manifold with 

dimM(x, y;4>) = fi((j)). 

Theorem 12.71 motivates the definition of the following grading on the intersection points of 
the two Lagrangians. 



INTRODUCTION TO SUTURED FLOER HOMOLOGY 13 

Definition 2.8. Define a grading function 

gr: LinL 2 x L x D L 2 ^Z/N LlM Z 

by 

gr(x,y) := fi((ft) mod N Lu l 2 , for any (ft G 7r 2 (x,y). 

Remark 2.9. Firstly, note that the additivity of the Maslov index from Equation §§§ implies 
that for any x, y, z G L\ D £2 we have 

gr(x, z) = gr(x, y) + gr(y, z). 

Secondly, note that Theorem 12.71 says that there is a well-defined dimension of A4 (x, y ) modulo 
a Maslov number: 

dim.A4(x,y) = gr(x,y) mod N LlM . 

Let x,y be two points in the intersection L\ n L 2 . If u E Al(x, y), then also u' E .M(x, y) 
for every map u'(s, t) := u(s + /, t) where / E M. Thus, if x 7^ y, then M(x, y) admits a free M. 
action. Denote by .M(x, y) the quotient manifold A / I(x,y)/R. Now 

dim.A4(x,y) = gr(x,y) - 1 mod N Li ,l 2 - 

2.4. The Floer chain complex. Let us postpone discussing the proof of Theorem 12.71 for a 
while and go on to explain how to define the Floer complex. 

Definition 2.10. The Floer chain complex CF(Li,L2) is defined to be 

CF(L X ,L 2 ):= Z 2 (x). 
xeLinL 2 

So CF(L\, L 2 ) is the finite-dimensional Z 2 -vector space whose basis are the intersection points 

LinL 2 . 

Remark 2.11. Instead of working with Z 2 coefficients, we could also work with Z coefficients. 
However, that would require taking the algebraic count of Al(x,y;0) instead of simply the 
parity, which is more complicated and we do not discuss it here. For such an algebraic count to 
be well-defined we need to worry about coherent orientation of the moduli spaces. See [FH93J 
for the definition of coherent orientation and further explanations. 

Claim 2.12. If for x, y E L\ n L 2 and for (ft E 7r 2 (;c, y) we have that fi(4>) = 1, then M(x, y; (ft) 
consists of finitely many points. 

Denote by # 2 .M(x, y;4>) the parity of .M(x, y; (ft). 
The differential d: CF(x, y) — >■ CF(x,y) is given by 

9x:= Yl ( E # 2 .M(x,y;<£>) -y- (10) 

ySLinLa \{<£e7r 2 (x,y)|Ai(0)=l} / 

It is easy to see that d 2 = if we believe the following claim. 



Claim 2.13. If M.(x, y; (ft) is 1- dimensional, then it can be compactified into a manifold Ai(x, y; • 
in such a way that 



dM(x,y;(ft)= \J \J M{x,z-(ft-)xM{z,y-(ft + ), (11) 

zeL 1 nL 2 {<p-,4>+) 
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where the second union is over all pairs (<p~ , </> + ) £ ^2(21, z) x 7^(2, y) suc/t that //(</> ) = 1. 

For the proof of Claim !?. 131 see Theorem 12. 271 It can even be shown that any pair ((f>~ , < 
occurring in the right-hand side of Equation (jlip also has the property that <j) = (j)~^(j) + . 
Now it follows from the definition that 

^ x = E E # 2 Al(x,z;0-).# 2 .M(z,y 

y,zGLinL 2 \(</>-,0+) 

and thus by Equation (jlip. it follows that 




j/eLinL 2 \{^©r a (x,y)|^)=2} 



since A^(x, y; 0) is a compact 1-manifold and so its boundary consists of an even number of 
points. 

2.5. Grading. It is possible to grade the Floer homology HF{L\,L2) modulo Z/A^^Z; in 
particular, there is an absolute grading function 

|-|: L l rM 2 ^1/N LlM 'L. 

First, fix an arbitrary xo € L\ n L 2 and define |xo| := 0. Then for any other y G L\ n L 2 define 
|y| := gr(xo,y), where gr was given in Definition 12. 81 Thus the grading depends on our initial 
choice of xo G Li n L2. A different choice of xo would simply shift the grading. Denote by 

CF k (L u L 2 ):= 0Z 2 (x). 
|x|=fe 

The key point is that the differential lowers the grading by one 

d: CF.-tCF*..!, 

and thus HF(Li,L,2) can also be graded using |-|. We emphasise that the grading |-| depends 
on the arbitrarily chosen xo (but only up to shift) and that this is only graded modulo Nl 1 ^l 2 - 

2.6. The W ,p norms and Sobolev spaces. We move on to introduce some of the analysis 
behind the Floer machinery. We recommend Appendix B of [McDSl2| for a detailed exposition 
of the analysis below, written especially for symplectic geometers wanting to apply it to pseudo- 
holomorphic curves. 

As before, let Q denote a measurable bounded domain in some Euclidean space M 1 . Let 
u: il — > R be a measurable map. Then recall that the L p norm of u for p € N is defined to be 

\\ u \\p '■= I / M P cfo;i . . . dxi J , 

where (x\, ■ ■ ■ , x{) are taken to be coordinates of R . We use the following notation 

L p (fi,R ) := {u: U — > R \ u measurable, \\u\\ p < 00}. 

If the domain space J7 is replaced with a compact manifold E, and the target space R is 
replaced with a vector bundle E, then the definition works in a similar way by taking a finite 
atlas of charts on S, and making use of the linear structure on E. Thus, we can speak of the 
space T p (Ti,E) of measurable sections u: £ — >• E with finite L p -norm. It is more complicated 
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to define the L p spaces when the target space does not carry a linear structure; if X and M are 
both compact manifolds, then one can also obtain a well-defined space L p (T,, M) by choosing a 
Riemannian metric on M that gives rise to a Borel measure on M. Compactness of M implies 
that the obtained space L p (T,,M) is independent of the choice of Riemannian metric on M. 
Alternatively, we could define L p (T,, M) by first choosing an embedding of M into TSL N , for some 
N, and then defining L p (E,M) as a subspace of L„(E,R ). Again, compactness of M implies 
that the definition is independent of the choice of embedding. 

The Sobolev norm is a generalisation of the L p norm. In particular, the (k,p) Sobolev norm 
of smooth map u : Q — > M. N is defined to be 

II II — II II — VNl/V* II 

II^II/CjP — ll u llw/ fc 'P :_ / J |<7 u \\p- 

a<k 

Here, a = a± + ■ ■ • + ay and d a u := 9" 1 ■ ■ • d x l . Now, the Sobolev space W ,p (p,,M. ) is defined 
as the completion of the space 

{aerfSl,!") | ||u|| fe , p <oo} 

with respect to the (k,p) Sobolev norm. As before, the definition extends to Sobolev spaces 
W k,p (T,, E), where E is a vector bundle over a compact manifold S. Indeed, this is made possible 
because of the general fact that if A : R l -> GL(N, R) is a smooth function, h € C°°(R l ,R l ) and 
u € W*' p (fi,R ), then A ■ (u o h) is also in W k,p (Q,M. N ) and there is an upper bound on its 
norm given by 

\\A- (uoh)\\ k ,p < c||u||fe )P , 
where c is a constant that does not depend on u (see Remark B.1.23 [McDS12] ). As a result, 
the Sobolev space W k,p (E, E) can be defined by taking a finite atlas of charts on E (since a map 
with finite W ' p norm in one chart has finite norm in any other chart). This leads to definition 
of the space r k ' p (T,,E) as completion of the space T°°(T,,E) of the smooth sections u: S — > E 
in the \\-\\k,p norm. 

As before, defining the Sobolev spaces W ' p is more difficult if the target space does not carry 
a linear structure. In particular, if M and S are compact manifolds, then the space W k,p (T,, M) 
is well-defined when 

kp >dimE. (12) 

Indeed, when O is a bounded measurable domain in R and h G C (R, R), then the map 
C°°(n,R) -)• C°°(fi,R) given by u H- h o u extends to a map W k < p (n,R) -> W k ' p (n,R) only 
when kp > I; see |McDS121 Prop. B. 1.19] and |McDS121 Rmk.B.1.24]. Thus, if Equation ([12)1 
holds, then we can define the Sobolev space VF fc ' p (S, M) by taking charts on both £ and M 
(which are not defined if kp < I). Similarly, we could define W k,p (T,,M) by first embedding M 
into R^ for some A^ and then defining W k ' p (Y,,M) as a subspace of W fc ' p (S,R JV ), but this is 
only independent of the choice of embedding when kp > dimS. 

The Sobolev embedding theorem [McDS12~| Sec. B.l] implies that for Q, C R, there is a 
compact embedding W k ' p (Q,,M. N ) ^-> C°($7,R Ar ), when kp > I. In particular, for kp > dimE, 
the well-defined space W ' P (S, M) consists of continuous maps. 

In fact, if Equation (fT2|) holds, then the space W k,p (E, M) carries the structure of a Banach 
manifold, that is, a manifold locally modelled on a Banach space. It can be shown (see [E67]), 
that 

T u W k ' p {^,M) = r fc ' p (S,n*TM). 
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In our applications, we generally work with the space W ' P (E,M), where £ is a non-compact 
Riemann surface. In this case, we need to impose additional conditions 'at infinity', in order to 
get a well-defined Banach manifold. One way to do this in the case when E = S = ix [0, 1] 
is the following [F88cl Sec. 3]: fix a smooth cut-off function j3: E — > R, such that j3{s) = \s\ for 
\s\ > 2 and /3(s) = for \s\ < 1. Fix 5 > 0. Then define the norm \\-\\ k , P -s for u E C°°(S, M) by 
setting 

Hull i. x •= We^^uWi 

l\ u '\\k,p;o • 11° u '\\k,p- 

Then the weighted Sobolev space W & ' P (S, M) is defined to be the completion of C°°(S, M) under 
the norm || - |[a:,p;<5- The point of this construction is that, provided kp > 2 = dimS", the space 
W s ' P (S, M) is again a Banach manifold with tangent space 

T U W^' P (S,M) =T k /(S,u*TM), 

where the space T s ' p (S,u*TM) is defined in a similar fashion [F88cl Thm. 3]. 

2.7. Properties of J-holomorphic curves. We assume for the remainder of this article that 
(Fl) holds. Suppose also that p > 2. Define the space 

Ws' p (S,M;L 1 ,L 2 ) := {u G WJ' P {S,M) \ u(M x {0}) G Lx,u(M x {1}) G L 2 }. 

In words: we require that u maps the 'top' and 'bottom' boundary components of S into 
L\ and L 2 , respectively. Since W S ' P (S, M;L\, L 2 ) is a submanifold of W S ' P (S, M) it is a 

rl,P/ 



Banach manifold, and its tangent space T U W S ' P (S, M; L\,L 2 ) at u is the space of sections 
rJ' p (5,u*r¥;u*TLi,u*TL 2 ) defined to be 

{e S T]' p {S,u*TM) I C(a,0) € T u{sfi) L 2 ,Z{s,l) € T n{Sjl) L 2 ,V S G m} . 
Now, define the Banach bundle £$(S,M) ->• W/^^M; Li,L 2 ) with fibre 

and denote by eo its zero section. The operator dj can be regarded as section 

with 'p' on the 9j just temporary notation to indicate the domain of dj. 

A key property of the operator dj is that it is elliptic, and thus enjoys the following elliptic 
regularity property given in Theorem B.4.1 }McDS12] 

for u E Wg*(S, M; L^L^ and B p u = => u G C°°(S, M). 

Therefore, the kernel of (9j does not depend on p. Since we are only interested in J-holomorphic 
maps, this shows that it does not matter what value of p we take so long as p > 2. So from 
now on, we fix a particular p > 2 (say, p = 3) and always consider dj as an operator on this 
particular space W s ' (S,M;Li,L 2 ) thus dropping the superscript i p\ 

Next, we want to show that A4j(M, L\, L 2 ) is a subset of of Bj (eo)- Since we know that the 
elements of Bj (eo) are smooth, we certainly have, 

Bj 1 (e )CMj(M,L ll L 2 ). 

In order for the reverse inclusion to hold, every element u G A4j(M,L\,L 2 ) must satisfy the 
exponential decay condition required so that ||it||i,p ; a < °o- In fact, with some work, it can be 
shown that every J-holomorphic curve u in A4j(M,Li,L 2 ) decays exponentially for some pair 
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of intersection points (x, y), which are also called the asymptotes of u [Ohl2[ Sec. 14.1]. As a 
consequence we have that 

9j 1 (e ) = Mj(M,L u L 2 ), 

and 

Mj{M,L x ,L 2 ) := \J Mj(x,y). 

x,y€iinL2 

2.8. The Predholm property. Recall that a linear operator F: V — > W between two Banach 
space V, W is called Fredholm if the Ker F and Coker F are finite-dimensional. The index of F 
is 

ind F = dim Ker F — dim Coker F. 

Clearly, if V and W are finite-dimensional, then F is trivially Fredholm. In particular, when 
/ : M — > N is a smooth map between finite-dimensional manifolds M and N, and q G N is any 
regular value of /, then the implicit function theorem tells us that f~ 1 (q) is a submanifold of 
M of dimension 

dim Ker df (p) = md df(p), 

where p is any point in f^ 1 {q). 

In general, if /: M — > N is a smooth Fredholm map between connected (possibly infinite- 
dimensional) manifolds, then the Fredholm index of df (x) is independent of the choice of x G M, 
hence it makes sense to define the Fredholm index of f to be the Fredholm index of df(x) for 
some (and so any) x G M. However, the same is not true of dim Ker df(x) and dim Coker df(x) 
- only their difference is independent of the choice of x. 

Now, let E — > M be a vector bundle over M, and s: M — > E a section. Suppose that s is 
transverse to the zero section eo- Then Z := s _1 (eo) is a submanifold of M. Saying that s is 
transverse to eo is equivalent to making a statement about the vertical derivative. Indeed, for 
every point x € Z, the vertical derivative 

Ds(x): T X M -+E X 

is defined to be the linear map proj E ods(x), which is the composition of the differential 
ds(x): T X M —7- T s i x \E and the fibre projection proj^ : T s i x \E —> E x . (Note that in the state- 
ment of proj^ the splitting T s i x \ = E x © T X M is guaranteed only because x £ Z, that is 
s(x) € eo-) So s is transverse to eo if and only if Ds(x) is surjective for all x E Z. Moreover, 
when this is the case, 

dimZ = ind Ds(X), for any x G Z. 

The key point of working with Banach bundles over Banach manifolds is that the same result 
also holds in this setting. 

Theorem 2.14 (Implicit Function Theorem for smooth sections of Banach bundles). Let 6 — > 
M. be a Banach bundle over a Banach manifold, and s G T°°(M,£). Denote by 
Z := s~ 1 (zero section). Suppose that for all x G Z, the vertical derivative Ds(x) is a surjective 
Fredholm operator. Then Z is a smooth submanifold of M of finite dimension dimZ = md Ds(x) 
for some (and hence any) point x G Z. 



For a proof see Theorem A. 3. 3. [McDS12j; technically they give a proof only for Banach 
spaces, but the more general result for Banach bundles follows by taking charts. 



18 IRIDA ALTMAN 

Going back to our setting, define for fixed x, y G L\ n L2 an d <j) £ 7T2( X > y) the space 

B :=B(x,y;0) := {u G W^S, M; L 1? L 2 ) | u(-oo, •) = x,u(+oo, •) =* y,u G 0}. 

Let £ denote the Banach bundle over B with fibre £ u := Tg(S,u*TM). As before, we can 
consider dj as a section of £ — > B and the moduli space .Mj(x,y; (/>) is its zero section. Since 
dj is elliptic, the vertical derivative 

DBj{u): T u Mj(x,y,<f>)^S n 

is a Fredholm operator. This is essentially a special case of the Riemann-Roch theorem; see 
Theorem C.1.10 |McDS12] for a more general result. 

2.9. Transversality. In general there is no reason why Ddj(u) should be surjective for all 
u G M j(x, y; (ft), and so allow us to conclude that A4j(x, y; (ft) is a smooth manifold. It remains 
to show that we can find an almost complex structure J such that Ddj{u) is surjective. We 
do so by applying the Sard-Smale theorem to an appropriate Fredholm map between Banach 
manifold. The details are as follows. Define 

J := {J G C°° ([0,l],r 1 ' p (M,End(TM)) | J(t) is w-compatible al. ex. st. Vt G [0,1]} . 

Now, consider the extended operator T: J x B(x, y; </>) — >• £ given by 

T(J,u)(s,t) := (dj(t)U) (s,t). 

Since Ddju\{u) is always Fredholm, it follows that the same is true for DJ 7 ^, u). The advantage 
of working with the extended operator is that the extra freedom coming from J is enough to 
show that DT(J, u) is transverse to the zero section of £ . The proof is not easy; see jMcDS12[ 
Thm. 3.2] for a similar, although slight simpler result, or |FHS95| for detailed proofs in the related 
setting of Hamiltonian Floer homology. In any case, it now follows from Theorem 12. 141 that the 
so called universal moduli space .A4 umv (x, y; (ft) := J r ~ 1 (zero section) is a Banach manifold. 
Consider the projection 

Tr:M nniv (x,y;^)^J. 

Then ir is a map between Banach manifolds. Since ir is a projection, we see that tv is also 
Fredholm with 

ind7r(J, u) = ind Ddj(u). 

By the infinite-dimensional version of the Sard-Smale theorem we have that a generic J G J is 
a regular value for n. But since tt is a projection, it is easy to see that J is a regular value of ir 
if and only if Ddj{u) is surjective for all u G Alj(x,y; (ft) (see |W02l Lem. 3.4]). 

We have now essentially completed the proof of half of Theorem l2.7l There is one caveat. We 
have only discussed the result for J of class W l,p , whereas in Theorem 12. 7\ the result was stated 
for smooth J. The result is still true in the smooth setting, but requires an additional argument 
that we omit for simplicity; we refer the reader to |McDS12~l pp. 54-55] for details. (The extra 
difficulty comes from the fact that the space C°°([0, 1],J~(M, uj)) is not a Banach manifold). 

Remark 2.15. Since ^(x, y) is countable, and the intersection of countably many generic sets 
is also generic, it follows that generically the full moduli space 

Mj(x,y):= |J .Mj(x,y;0) 

0e7Ti(x,y) 
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also admits the structure of a smooth manifold, as asserted in Claim 12.11 

2.10. The spectral flow. In order to complete the proof of Theorem 12. 7\ it remains to show 
that for any x, y £ L\ n L2, any J £ J{M, u) and any (ft £ ^(x, y), we have 

ind Ddj(u) = fi((ft) for any u £ A4j(x,y; (ft). (13) 

Actually, under Assumption (Fl), Equation (|13j) is true regardless of whether Ddj(u) is sur- 
jective or not. 

For the remainder of this subsection, fix u £ Aij(x,y;<ft). In order to compute the index of 
Ddj(u) we introduce the spectral flow, following Robbin and Salamon [RS95J. 

Let W C H be two Hilbert spaces with W dense in H. Set A(W, H) to be the set of all maps 
A(s) s( =r such that for each s £ R: a) the map A(s) is an unbounded self-adjoint linear operator 
on H with domain W, b) s i-> A(s) is continuously differentiable, and c) there exist invertible 
operators A* 1 £ C(W, H) such that 

lim \\A(s) - A ± \\ C{W ^ H) = 0. 

Given such a family A(s) se R, define a map 

D A : W 1 ' 2 {R, W) n L 2 (R, H) ->• L 2 (R, #), 

by setting 

(£> A w)(«):=|jW + A( a ).«;( a ). (14) 

The operator Da is actually a Fredholm operator; although, strictly speaking, slightly more 
stringent conditions are needed on A(s) se R for this to be true, specifically see Conditions (A-l), 
(A-2) and (A-3) [R"S951 d.7]. 

Given Hilbert spaces W and H as above, there is a unique way of defining the a map 
fj, s : -4(W, H) —?• Z called the spectral flow fj, s so that certain axioms are satisfied; for the pre- 
cise statement see |RS95|. Thm. 4.23]. Morally speaking, the spectral flow of a family of maps 
A(s) se K counts the change in the number of negative eigenvalues of A(s) as s ranges from — oo 
to +oo. 

A famous theorem by Atiyah, Patodi and Singer [APS75] (see also [RS95|, Thm. A]), says that 
the spectral flow of a given A(s) sg R £ A(W, H) is precisely equal to the index of a Fredholm 
operator Da of the form Equation (|14j) . that is, 

ind D A = fi s (A( S ) sm ). (15) 

2.11. An interlude on Morse theory. Consider briefly the finite-dimensional Morse theoretic 
case: let M be a closed n-manifold and / : M->Ra Morse function. Denote by V/ the gradient 
of / with respect to a given metric on M, and denote by ipt the flow of — V/. Then to equip M 
with a metric that is Morse-Smale for / means that the stable and unstable manifolds of (pt are 
always transverse: 

W u (x) rh W s (y), for all x, y £ {critical points of /}. (16) 

In this setup we can do Morse homology with /; in particular, define a Z graded Z2-vector 
space with generators the critical points of /, and graded by the Morse index z/(x) := dim W u (x). 
The boundary operator d counts the parity of the set (W u (x)nW s (y))/M. whenever z/(x)— i/(y) = 
1. Note that here we are dividing out by the R-action as in the Floer case, and that the 
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transversality assumption from Equation (|16p guarantees that (W"(x) n W s (y)) /R is a finite 
set. 

Further, in the spirit of Floer homology, we can instead define M(x,y) to be the zero set of 
a suitable section a of a Banach bundle that is now defined for h : R — > M by setting 

a(h) :=d s h + X7f(h). 

There is an identification of M(x,y) with (W"(x) n VF s (y)) via h h-> /i(0). 

We can then consider the vertical derivative Da(h) at zero of /i. Let V be the Levi-Civita 
connection with respect to some (background) Riemannian metric on M. Then Da{h) is the 
operator 

Da{h) : r 1,2 (R, h*TM) -+ r°' 2 (R, h*TM), 
Da(h)(S) = V§H£ + Vz(yf{h)), 

ds 

see |S93l Chap. 2]. As in the Floer case, the operator Da(h) is Fredholm, and the dimension 
of M(x, y) is equal to the Fredholm index of Da(h). We already know that the dimension of 
A4(x, y) is the dimension of (W"(x) n VF s (y)), namely ^(x) — t'(y), but let us now explain how 
this can also be computed using the spectral flow. Indeed, trivialise the bundle h*TM — > R 
using parallel translation with respect to V. This gives an operator of the form Da considered 
above, where we take W = H = 1". In particular, 

D A : W 1>2 (R,R n ) -► L 2 (R,R"), 

where under this trivialisation, 

A(s)(w) = V w Vf(h(s)). 

Here the limit operators A^ 1 are precisely the Hessians of / at the critical points x, y: 

A- = Hess(/;x), A + = Hess(/;y). 

Therefore, the Fredholm index of Da{h) is equal to the spectral flow of A(s) se R. But then in this 
case the spectral flow is easy to compute, since it is just the change in the number of negative 
eigenvalues of A(s) as s ranges from — oo to +oo, which is precisely v{x) — ^(y)- 

2.12. The Floer case. We now return to the Floer setup. Recall that we have fixed a flow line 
u from x to y and a homotopy class cf> & ^(x, y). Take a symplectic trivialisation $ : S x M 2n — > 
u*TM, that is, take a diffeomorphism 

$ s , t : (M 2n ), Wstd )^T( u(Si4) M,a;), 

such that $>l t (uj) = uj s td- In this trivialisation the vertical derivative Odj(u) becomes the map 

D A : W 1,2 (5,R 2n ) ^L 2 (5,M 2n ), 

where this time 

dw 
A(w)(s, t) = i— (s, t) + S(s, t) ■ w{s, t), 

for S(s,t) € GL(2n,R) a family of matrices determined by the trivialisation whose asymptotes 
5(±oo, •) are symmetric. As before we compute the index of Ddj(u) using the spectral flow of 
^4(s) se R. Strictly speaking, there are additional complication that we are sweeping under the 
carpet. For example, A(s) is not self-adjoint for s ^ ±oo. However, A(s) is self-adjoint (if and 
only) if S(s, •) is symmetric for all t, which can be achieved by a compact perturbation of S(s, £), 
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and compact perturbations do not affect the Fredholm index. There are other complications as 
well: see JRS951 Sec. 7] for the details. 

It remains to compute the spectral flow /x s (vl(s)) sgR . This is where the Maslov index comes 
in: it can be shown that 

Ps (M s ))seR = M0) 
This is a non-trivial result, and we do not discuss it here; see |F88b|. Thm. 1] for a proof, or [S99, 
Sec. 4] for a friendly discussion. This completes the proof of Theorem 12.71 



2.13. Energy. Let us now briefly recall the definition of the energy of a map u from a Rie- 
mann surface into a Riemannian manifold. Let (X,g) be a Riemannian manifold and (S,j) 
a Riemannian surface equipped with a complex structure j. The almost complex structure j 
defines a conformal class of Riemannian metrics on E - namely, the set of metrics h that satisfy 
h(v,jv) = and h(jv,jv) = h(v,v) for all v. The energy with respect to (g,j) of a smooth map 
u: E — > X is defined to be 

E 9,j( U ) : = g / \\ du W 2 9,h Yol hi 

where h is any conformal metric (see for example [Jill Sect. 8]). Here the energy density 

||du||J >h :E->R 
is given by 



2 = g(du z (v),du z (v)) + g(d u z (jv),du z (jv)) 
lg ' h ' h(v,v) 



\\du\\l h := y^w»»*wjy^"*v«»»»*yj"» , for any v ^ e t 2 e. 



It is easy to check that the value of the right-hand side does not depend on the choice of non-zero 
v G T 2 E, hence ||d«||^ is well-defined. The 2-form ||dtt|r ^ vol^ only depends on the conformal 
class of h. Indeed, if h! is another metric conformably equivalent to h, then we can write h! = ph 
for some positive function p. Then 

hence 

\\du\\ 2 gth vol h = \\du\\l jh , volft/ . 

We are interested in the energy in the special case where X is our symplectic manifold M, 
and g is given by w(-, ■/•), where J is a compatible almost complex structure on M. We write 
Ejj(-) instead of -Ew.,j.)j(-)> or even just Ej(-) when j is clear. In the case when u: E — > M is 
(J, j')-holomorphic, then 

Ejj(u) = i u*uo. (17) 

Indeed, if we choose local complex coordinates s + it and a metric h at a point z € E so that 

J (l) = l and J (£) = "^' and hz {^i) = h 

then 

volft(z) = ds A dt. 
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|2 r~\ „™~ *•! —~ „. ._ 9 



Further, if we compute U<iu||j Az) using the non-zero v := ^ we get 

ll du ll jj( z ) vo1 a0) = f 5 f du z I — J , du* ( — J J + g ( du z ( — J , du 2 I — J J J (is A di 

/ 9u T du \ ( du , du \ \ , 

f du du\ I ' du du\\ , 

"U'^J +w U'"^JJ dsAdf 

/ du du\ 1 

= 2 "{lTs>dt) dsAdt 

= 2u*U)(z), 

where the second and third equality use the fact that u is (J, j)-holomorphic. 
This prompts the following definition. 

Definition 2.16. Given x, y G L\ (IL2 and <j) G ^(x, y), define the u-area of 0, written ^(^t), 
to be 

where v : B — >• M is any smooth map satisfying 

u(0-B) C Li, v(d + B) C L 2 , 

V (-i)=-K, V (i)=y, 

The following corollary is now immediate. 

Corollary 2.17. Suppose J is oj- compatible, and x, y € L\ fl L^ and <ft E ^2(2:, y). Suppose 
v e Mj(x,y;(p). Then 

Ej{v) = AM)- 
In particular, if x^ y, then a class <p G ^(zi, u) on/y admits holomorphic representatives when 
AM) > 0. 

2.14. Gromov compactness. Let (u ra ) n gN C 7W(x,y;0) be a sequence of J-holomorphic 
curves. Then z G <S is called a singular point of the sequence (u n ) if there is a sequence of 
points z n £ S such that ||du n (£ n )||.L°° — > 00. The set A of singular points of (u n ) is divided into 
three subsets: 

A = A Int U A 1 U A 2 . 

Here A Int is the set of singular points contained in R x (0, 1), A 1 is the set of singular points in 
R x {0}, and A 2 is the set of singular points in R x {1}. 

We now state the two key compactness theorems that we collectively call Gromov compactness, 
although in this context they are due to Floer jF88cj . However, the versions quoted below are 
somewhat stronger than the original result Floer proved - specifically, conclusion (iv) containing 
Equation (fl~8|) in Theorem 12.191 which uses the so called 'hard-rescaling' (proved in [McDS12, 
Chap. 4]). 

Theorem 2.18 (Gromov compactness I). Fix x, y G L\ n L2 and fix E > 0. Then the space 
M.- E (x,y) consisting of all flow lines u E M(x,y) with Ej{u) < E is pre-compact in the 
Cfo c (S, M) topology. In particular, there are at most finitely many classes 4> £ ^2(2:, y) for which 
A UJ {4>)<E,M{x,y-<p)^%. 
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The following theorem can be viewed as a refinement of the previous one, which explains more 
precisely the stated compactness properties. 

Theorem 2.19 (Gromov compactness II). Fix x, y G L\ n L<i and <fi G ^(x, y). Let (it n ) ng N C 
M(x,y;<p) and (s n ) n eN Q^ be a sequence of real numbers. Set w n (s,t) := u n (s + s n ,t). Then 
(after possibly passing to a subsequence) there exist: 

(i) points x 1 , y 1 £ L\ fl L2 and a class ip G ^2(2/, y 1 ), 

(ii) a finite set ACS, 
(hi) (another) subsequence (n(i))»eN; 
(iv) a curve w G Aij(x l , ?/; ip), 

such that the following statements hold. 

(i) On every compact set K C S — A, i/ie sequence (uWt))teN converges in the C°° topology 

on K to w. 
(ii) T/ie set A is t/ie set of singular points of '(wWi))ieN- 7/ we write A = A t UA 1 UA 2 , t/ien 

/or eac/i 2; G A /ni tfoere exists a non-constant J -holomorphic map v z : S 2 — > M, and for 

each z G A (k = 1,2), there exists a non-constant J -holomorphic map v z : (D, dH) — > 

(M,L k ). 
(hi) If x 1 7^ y 1 ' , then /x(^) > 1. 1/ either x 1 ^ x or y 1 ^ y, then fi(tp) < //(</>)■ -(f ^ot/t x 1 ^ x 

and y 1 ^ x, then //(■*/>) < /J,((f>) — 1. 
(iv) VFe Ziaue t/iat 

£/H + JZ^jK) < Hmsup£jK (i) ). (18) 

7/ A = 0, t/ien ()18p is an equality. In particular, if x^ y but x 1 = y 1 (so that the w n -s 
are non- constant, but w is constant), then A 7^ 0. 
(v) We have that 

MVO + 2 E c i(^*(i s2 ]))+ E Mii(«*)+ E Mi a («*)<M(#- (19) 

zGA /nt zeA 1 2gA 2 

Remark 2.20. This is about as far as we can get if we only assume (Fl). In order for the 
Floer homology to be well-defined, we need to know the following two things. 

(i) For any x,y G L\ n L2, there are at most finitely many classes (f) G ^(x, y) such that 
/j,((j)) = 1, and such that A4(x, y; <f>) is non-empty (so that the sum in the definition of 
the differential given in Equation (jlOp is finite). This requires (Fl— 3) to hold, and is 
proved in Corollary 12.241 below, 
(ii) If /j,((/>) = 1 or /x(</5) = 2, and (ii n )neN ^ M(x,y;^), then there are no singular points. 
For //(</>) = 1, together with (Fl— 3), this implies that .M(x, y;</j>) is compact; we give 
the proof in Theorem 12.261 For fi(cp) = 2, together with (Fl— 4), this is used to prove 
that d 2 = 0; see Theorem E23 

As a matter of terminology, we say that bubbling cannot happen if there are no singular points. 
Indeed, Theorem 12.191 savs that at each singular point, at least one 'bubble' appears: that is, a 
holomorphic sphere or a holomorphic (boundary) disk. 

Remark 2.21. Note that asking L to be positively monotone implies that for any map v : S 2 — >■ 
M satisfying v(north pole) G L, (regarded as map v: (D, dH>) — > (M,L) as explained in Remark 
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12, 411. we have 



2 Cl (v*(lS 2 })) = vl(v) = c [ v*gj. (20) 

In particular, if v is a non-constant J-holomorphic function, then ci(v*([S 2 ])) is positive since 
c> and J D w*w = £;(«) > 0. 

Lemma 2.22. Suppose (M,uj) admits a monotone Lagrangian L with positive constant c as 
in Definition \2.b\ and suppose Nl = k € N. T/ien 2iVjv/ is divisible by k. In particular, 
Nm > f^l/2- Moreover, if U is another monotone Lagrangian, then L' is monotone with the 
same positive constant c. 

Proof. Immediate from Equation (|2(jp . □ 

Recall that (F3) asks that at least one of the Lagrangians L& has the property that 
L k*( 7T i(Lk)) ^ 7Ti(M) is torsion, where i^* is the induced map on ix\ arising from the inclu- 
sion ife : Lk^f M. Equivalently, if w : S 1 — > L^ is any loop, then there exists m G N such that 
the iterated loop j m : S 1 — > L^ bounds a disk in M (not in L^l). 

Lemma 2.23. Assume (Fl— 3) hold. Fix k G Z, and two points x, y G Li fl L2- TTien £/iere 
exists a constant C^ > suc/i £/ia£ /or any (j) G 7T2(:e, y) iwzi/i //(</>) = k we have 

Proof. Without loss of generality let us suppose that ti*(7Ti(Li)) is torsion. Suppose Ui,V2 € 
.M(x,y) satisfy /Lt(ui) = /J,(y 2 ). Consider 7: 5 1 — >• L2 defined by 7 := vx\g-o * u^ |a-n- There 
exists m E N such that j m bounds a disk w: (D, 9D) — >■ (M, Li). Now we stitch the (trivial) 
m-fold covers of t>i and t>2 together with w to get another disk /: (B, 3D) — > (M, L2) with 
boundary in L2. Note that 



/*w = m v\uj — ml v 2 u + / w*uj 

Jo ' Jd ' Jo 

= mE(y\) — mE(v2) + / w*u, 



where the second equality comes from Equation ([17]) . 
By monotonicity of L 2 we have that 



Mi 2 (/) = c / /*w = c • m (S(«i) - E(v 2 )) + c / w*u. 

Jd Jd 

On the other hand, by additivity of the Maslov index from Equation (]6j) we can also write 

ML 2 (/) =m^ LlM (vi) - mfi LlM (v 2 ) + fi Ll (w) 
= mn(4>) - mfj,(4>) + HLi(w) 



= c / WW, 

where in the last equation we use Lemma 12.221 to say that the monotonicity constant c is the 
same for both L\ and L 2 . Finally, combining the two expressions for fiLi(f) we find that 

c-m(E(vi) -E(v 2 )) = 0. 

Since m ^ and c ^ 0, it follows that E(v\) = E(v 2 ). Hence if v\ G <f>\ and t>2 G 4> 2 , then 

□ 
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Corollary 2.24. Fix x,y G L\ n L2 a^^ k G Z. There are at most finitely many classes 
4> G 7^(2;, y) smc/j that fi(4>) = k and such that M(x, y; <f>) is non-empty. 

Proof. Theorem 12,181 and Lemma 12.231 □ 

Remark 2.25. Note that the proof of Lemma 12.231 only needs that the monotonicity constant 
was non-zero. Thus the proof would still go through if c was negative. Nevertheless, we need 
to assume that c > in order for Remark 12.211 to be valid. 

We can now finally prove Claim 12". 121 

Theorem 2.26. Assume that (Fl— 3) hold. Then the manifold 

\J M(x, y; 4>) 

{0era(aw)K$=l} 
is compact. 

Proof. Let (n„)„ 6 pj be any sequence in M(x,y;(p) and (s n ) ng N be any reparametrisation se- 
quence. Then we must show that there exists a subsequence (»(i))igN and u G .M(x, y; (ft) such 
that if w n (s, t) := u n (s + s n , t), then w n u\ — > u on every compact subset of S. 

We apply Theorem 12. 191 This gives us the desired sequence (n(i))j G N- Suppose w n u\ — > u on 
S — A, with u G -M(x', y'). We need to show that A = and that x = x', and y = y'. 

Firstly, note that if u a holomorphic map in ip G 7T2(x',y'), then we have n(ip) > 0. 

Secondly, if A / 0, then A Int / or A* + for t = 1,2. If z G A Int , then by Remark E22 
(or if A* 7^ by Remark (|2.21|) .) we have that the left-hand side of Equation (fT9"|) is at least 2. 
Therefore, A = 0. 

Now, since A = 0, by Theorem 12 .191 we have x' 7^ y', and hence [i(ip) < 1. Thus fJ,(ijj) = ti{<j>), 
so we have x' = x and y' = y. Therefore, u G Ai(x, y; (f>). □ 

The next result is the only place where we use (F4), and is half of the proof of Claim |2~. 131 

Theorem 2.27. Assume that (Fl— 4) holds. Fix x, y G L\ C\ L2, and fix 4> £ ^2(^2/) with 
n{4>) = 2. Fix (itn)neN C A1(x, y; 0), and suppose that (u n ) has no subsequence converging to an 
element of M(x, y; 4>). Then there exists z G L\ n L2, and (f>~ G tt2(x, z) and (j) + G ^2(2, y) sitc/i 
i/jat ^{4>^) = 1 and swc/t that <ft = <ft~$(f) + have the following property. For any two sequences 

(s n )nen C R with s n — > ±00, 

if Wn(s, t) := u n (s + s^, t), then 

(i) a subsequence of the w~ converges to some w~ G M(x, z]<j)~), and 
(ii) a subsequence of the w+ converges to some w + G M(z, y;4> + ). 

Proof. Let (s£) denote a sequence converging to +00 and set w£(s,t) := u n (s + s+,t). By 
Theorem l2.19l up to a subsequence, we may assume that w n — > w on S— A for some wGAi(x, y') 
and some finite subset A. We show that x' = y and that A = 0. Since //(</>) = 2, the right-hand 
side of Equation [T2] is 2. The assumption (F4) implies that if A 7^ 0, then the left-hand side is 
at least 3. Indeed, (F4) implies that A 1 = A 2 = 0, and from Lemma f2. 221 we have that Nm > 2, 
and hence if A int 7^ 0, then the left-hand side would be at least 4. □ 
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Figure 2. Illustrations of broken trajectories: abstract (left), concrete (Morse 
homology) trajectories on a sphere (right). 



Thus we have shown that if .A4(x,y;< 
manifold .A4(x,y; <f>) in such a way that 



is 1-dimensional, then it can be compactified into a 



(21) 



c>.M(x,y;0)c |J |J A^(x,z;0-)x^(z,y; </>+), 

z£L 1 nL 2 (<f>-,(f>+) 

where the second union is over all pairs (4>~,(fi + ) £ ^(x, z) x 7T2(z,y) such that ^(</> ± ) = 1. In 
order to prove the converse, we need to know that given an element of the right-hand side we 
can obtain it as a limit of curves in .M (x, y; <p). This is the content of the Floer gluing theorem, 
which is in some sense a converse to Gromov compactness. However, we do not discuss gluing, 
as the argument is analytically rather technical and so goes beyond the scope of this article. 



3. OSZVATH AND SzABO'S HEEGAARD FLOER HOMOLOGY 

In this section we explain the construction behind the 'hat' flavour for Heegaard Floer ho- 
mology HF building on the theory developed in the previous section. To begin with, fix a 
connected, closed, oriented 3-manifold Y, and let (E,a,f3,z) be a pointed Heegaard diagram 
of Y. We define precisely such diagrams in Section 13.11 but for now it suffices to know that E 
is a genus g surface, q,/3 are appropriate ^-tuples of curves on E, and the points z £ E lies 
in the complement of those curves. The manifold Y is easily reconstructed from the Heegaard 
diagram, by thickening the surface to E x J, and then by gluing 2-handles along the o-curves 
on E x {0} and along the /3-curves on E x {1}. 

Our aim is to explain how HF(Y) can be viewed as a special case of the Lagrangian Floer 
homology constructed in Section [2j Specifically, we associate to Y, via the diagram (E, a,(3,z), 
a symplectic manifold (M, u) and two Lagrangian submanifolds T Q ,T^ C M. Just briefly: M 
is the symmetric product of g copies of E, and T a is the direct product of all the a curves 
(similarly for Tg). Then we define 

HF(Y) := HF°(M,T a ,T p ). 

The '0' refers to the fact that we only count homotopy classes <j) satisfying a particular intersec- 
tion number requirement n z (4>) = 0; we explain this shortly (or see Definition! 
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closed, oriented 3-manifold Y 



Heegaard diagram (E, a,/3) 
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M := Sym 9 S 



L\ := T a ,L 2 := Tp 



HF{M,T a ,Tp) 

invariance of choices 

HF(Y) 
Figure 3. Construction of Heegaard Floer homology. 



A very important aspect of Heegaard Floer homology is the decomposition of HF(Y) along 
Spin c structures. In this first instance, think of Spin c structures as homotopy classes of nonsin- 
gular vector fields on Y (Section 13. 3p . The Spin c structure s and the point z£E determine a 
subset 

Z{s,z) <ZY a C\Yp. 

This gives rise to a smaller chain complex CF S (M, T a ,Tp) C CF(M, T a ,Tp) defined to be 

CE*{M,T a ,Y{,):= Z 2 (x). 

x&Z(s,z) 

In fact, CF S (M, T a ,Tg) is preserved by d, since 7T2(x,y) = unless x and y both belong to 
same subset Z(s, z)(see Corollary 13. 8|) . Recall that 7T2(x,y) is the set of homotopy classes of 
disks connecting x and y; see Definition 12.21 In the Heegaard Floer setting, the disks connecting 
x and y are also called Whitney disks. In any case, it makes sense to define HF e > (M, T a ,Tg). 
The complexes are independent of the choice of base point z, Heegaard diagram and any other 
variables that occur in the construction, so we are justified in writing 

HF{Y,s) := HF s >°(M,T a ,T p ). 

Then 

HF(Y) = HF(Y,s). 

seSpin c (Y) 

See Figure [3] for a schematic summary of what we have said so far. 

In order for HF(M,T a ,Tp) to be well-defined, as explained in Section [21 we need additional 
conditions on the Lagrangians T a and IV referred to as Conditions (Fl— 4). We may assume 
that (Fl) holds since in our Heegaard diagram (S, Ot,/3) each a-curve is transverse to each j3- 
curve, which implies the transversality of T a and T«. From Remark l2.20l we know that Condition 
(Fl) is sufficient to prove that the moduli spaces .M(x, y; </>) are all finite-dimensional manifolds 
(of dimension fi(4>)), but that we also need to know two more things for the Floer homology 
HF(Y\,Tp) to be well-defined. (We drop the notation for M, as it is understood.) For the 
convenience of the reader we repeat these two items here, slightly modified to fit the notation 
of this section. 
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(i) There are at most finitely many classes <p € 7T2(x,y) such that fi(4>) = 1 and such that 

-M(x, y;4>) is non-empty, 
(ii) If /u((/>) = 1 or /u((/>) = 2 and (u„)„ e N ^ ,M(x, y;<t>), then there are no singular points 
(that is, no bubbling). 

Previously we used Conditions (F2— 4) to prove these assertions. Sadly, these conditions 
simply do not hold in the current setup, and as stated (i) and (ii) above are not true. However, 
all is not lost. A choice of a point z 6 £ determines a certain codimension-2 submanifold 
V z C M, which can be used to restrict the homotopy classes of pseudo-holomorphic curves that 
we count. Specifically, given x, y € T a n T^ and cj) G 7T2(x,y), there is a well-defined notion of 
algebraic intersection number n z {(j>) of (f> with V z . Define 

vr^(x,y) := {<j> G 7r 2 (x,y) | n z {4>) = 0}. 

We show that if we restrict to elements of 7i"2(x,y), then both conditions (i) and (ii) stated 
above are true. Most of the work goes into proving (i); the proof of (ii) is much simpler than the 
corresponding proof in Section [2j Namely, we see that there are no non-constant holomorphic 
spheres or disks with boundary in T a (respectively, Tg) that satisfy the condition n z = 0. Thus, 
bubbling is automatically excluded (see Lemma 13 . 20 1 and paragraph preceding it). 

Before going any further we make two remarks concerning our treatment of Heegaard Floer 
homology. 

Remark 3.1. In this article we consider only the 'hat' flavour of Heegaard Floer homology, 
and thus we always impose the condition n z = 0. Dropping this condition leads to the more 
complicated construction of the 'infinity' flavour HF°°(Y) of Heegaard Floer homology, which 
does not occur in sutured Floer homology so we do not discuss it here other than in the following 
few sentences. 

Conditions (i) and (ii) above are not true without the assumption n z = 0. To overcome the 
lack of finiteness, Ozsvath and Szabo instead use a Novikov ring of coefficients to record the area 
•A.wi'P) °f < P- The point is that while there may be infinitely many classes <j) with ^.{(j)) = 1 and 
M(x, y;0) 7^ 0, for any constant E > there are only finitely many classes with Aj(<^) < E. 
Secondly, as far as Condition (ii) is concerned, it can be shown that whilst disk bubbles may 
appear when fi(4>) = 2, there are always an even number of them ( }OS04a[ Thm. 3.15]), which 
means that they do not affect the boundary operator. 

Remark 3.2. In Ozsvath and Szabo's original construction of Heegaard Floer homology, they 
never equipped the manifold M (defined precisely in Section \3.2\i with a symplectic form. 
This may seem odd to the reader, but note that the symplectic form uj does not enter the 
J-holomorphic curve equation, and thus it is conceivable that it maybe done away with. Actu- 
ally, the symplectic form (and the fact that the submanifolds T a and T^ are Lagrangians) are 
really only used to provide an energy bound on Floer trajectories (see Corollary 12. 17p . 

Whilst M certainly does carry symplectic forms, there is in some sense no 'natural' symplectic 
form on M (see Section [3721 for more details). Thus, instead Ozsvath and Szabo chose to regard 
M as an orbifold N/G (that is, the quotient of a manifold N by a finite group G), despite the 
fact that M is actually smooth. The point is that N has a 'natural' symplectic form, which 
allowed them to obtain energy bounds by lifting trajectories to N and then applying Corollary 
12.171 (this is the content of Lemma 3.5 [OS04aJ). 
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However, Perutz showed that it is possible to equip M with a symplectic form whose coho- 
mology class is suitably 'natural', which avoids lifting trajectories to N [P08J. At least as far 
as the construction of Heegaard Floer homology is concerned, this does not gain all that much 
(but sec [P08 for nice results that do require this extra theory). Nonetheless, it seems a better 
use of the setup of this article to introduce Heegaard Floer homology by making use of Perutz's 
result, since it allows us to view HF as a special case of Lagrangian Floer homology. 

The remainder of this section is organised as follows. 

13.11 Definition of pointed Heegaard diagram (£, a, (3, z). 

13.21 Construction of symplectic manifold (M,oj) and Lagrangians T a ,T^; Perutz's result. 

13.31 Spin c structures and subset Z(s, z) referred to above. 

13.41 Study of domains, definition of 7r°(x, y), statement (without proof) of deep result that 

relates Spin c structures and Maslov index fi(4>) (Theorem 13. 14)) . and why (i) holds (with 

the restriction to ^(x, y)). 
13.51 Why (ii) holds (with restriction to ^(x, y)). 
13.61 Brief look at knot Floer homology (a similar Floer theory, only for studying knots in 

3-manifolds) . 

3.1. Closed 3-manifolds and Heegaard diagrams. Let Fbea closed oriented 3-manifold. 
Then Y admits a Heegaard splitting, that is, Y = H\ UgH in H 2 H 2 where H\ and H 2 are two 
genus g handlebodies, for some g. One way to show this by taking a triangulation of Y and 
define H\ to be the closure of a tubular neighbourhood of the 1-skeleton. The complement of 
H\ in Y is precisely another handlebody of the same genus. 

Another way to see that Y admits a Heegaard splitting, is to consider a self-indexing Morse 
function / : Y — >■ R. Recall: a smooth function / : Y —> R is a Morse function if all its critical 
points are non-degenerate, that is, the Hessian of / at a critical point x is nonsingular. The 
index of x is the dimension of the maximal negative-definite subspace of the Hessian at x. The 
Morse function / is called self-indexing if for each critical point x £ Y we have f(x) = ind(x). 
See Section 12.111 for more notation and terminology of Morse theory. 

In fact, there is always a self- indexing Morse function /011F with exactly one critical point 
Pmin of index 0, exactly one critical point p ma x of index 3, and g critical points of index 1, and 
g critical points of index 2, for some g £ N (see |Mi65l Thru. 4.8]). If we take such a Morse 
function /, then we obtain a Heegaard splitting 

Hi := r ^[0, 3/2]), H 2 := f- 1 ([3/2,3]), E := r\{3/2}). 

A Heegaard splitting gives rise to the concept of a Heegaard diagram (£, a, (3) for Y. Here a 
is a collection of pairwise disjoint, linearly independent curves {a%, . . . , a g } on dH\ such that if 
we attach 3-dimensional 2-handles along those curves, we recover H\. Here g is the genus of S. 
Similarly, j3 is a collection of attaching circles on dH 2 that allow us to recover H 2 . Now, if the 
Heegaard splitting was derived from a self-indexing Morse function on Y, then there is an easy 
way to describe the a and /3 curves. Indeed, denote by pi and % the critical points of index 1 
and index 2, respectively. Choose a Riemannian metric p on Y such that (/, p) is Morse-Smale. 
Then, recall that E := / _1 ({3/2}), and set 

ai :=W s ( Pl ,-Vf)nZ, ft:=r(g„-V/)nS. (22) 
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That is, on is the set of points in the intersection of E and the flow lines of — V/ flowing into 
Pi (the stable manifold W s ). Similarly, /3j is the set of points in the intersection of E and the 
flow lines of — V/ flowing out of qt (the unstable manifold W u ). In this case we say that (/, p) 
is compatible with the Heegaard diagram (E,o:,/3). In fact, every Heegaard decomposition can 
be realised in this way. 

There are many Heegaard diagrams of Y, but it can be shown that two Heegaard diagrams 
define the same manifold if and only if they are related by three basic types of move called isotopy, 
handle-slide, and (de) stabilisation. Let us explain the meanings of these three operations. Two 
sets a and a' of curves are isotopic if they are isotopic through a one-parameter family of 
curves, such that at every point the curves are pairwise disjoint. (Similarly for (3 and j3' .) Next, 
consider two disjoint curves a± and 02 in E that bound a pair of pants in E together with a 
third curve 7. Then a handle-slide of a\ over 02 results in 7. That is, a collection of curves 
a := (ai, . . . , a g ) is connected to a! := (ai, . . . , ocg-x, 7) via a handle-slide, if handle-sliding a g 
over some other curve on results in 7. Lastly, we can stabilise a diagram (E, ot, j3) by taking the 
connected sum of E and a torus with a meridian a and a longitude /3, thereby increasing the 
genus of E and the number of a and f3 curves by one. 

Finally, a a pointed Heegaard diagram (E, oc,/3,z) of Y is a Heegaard diagram (E,q,/3) of Y 
together with a choice of base point z 6 E — < |Jj aj U (J /^ >. 

3.2. Symmetric products. Recall that a Kdhler form on a even-dimensional manifold M is a 
2-form cj which is symplectic, and such that there exists an integrable almost complex structure j 
compatible with u. In particular, if M admits a Kahler form w, then M is both a symplectic and 
a complex manifold. The reason that we now care about integrable almost complex structures 
lies in the proof of the non-negativity result of Corollary 13.171 

Let E be a surface of genus g. For simplicity assume that g > 3; we make this assumption 
because the cases g = 1,2 are slightly different (but not harder) and would make our exposition 
messier (for example, see above Equation (|23p for a statement that would not hold). 

Remark 3.3. A posteriori, since the Heegaard Floer homology depends only on Y and not on 
the Heegaard decomposition (E,o;,/3), the genus of E can be increased simply by stabilising it, 
as described in Section I3.R to deal with the cases when g = 1,2. Of course, this can only be 
done after it has already been shown that Heegaard Floer homology is well-defined for all values 
of g. However, it may reassure the reader that, at least as the final invariant is concerned, it is 
not unreasonable to restrict our exposition to the case when g > 3. However, we do not discuss 
the independence of Heegaard Floer homology from the Heegaard decomposition, and refer the 
reader to Oszvath and Szabo's paper for details on this topic |OS04aj . 

There is an abundance of Kahler structures on E. Indeed, let us now fix once and for all 
a complex structure j on E, such that (E,j) is a 1-dimensional complex manifold. Then any 
Riemannian metric (•, •} on E gives rise to a Kahler form ??(•,•) := — (j-, •} on E. Indeed, clearly 
n is non-degenerate, and and drj = since rj € U) P(E). Thus, r] is a symplectic form. 

Fix a particular such Kahler form n. Let E 9 be the 2g dimensional manifold E x • • • x E. 

g copies 

Then E 9 is itself Kahler and £1 := n x ■ ■ ■ x n is & Kahler structure on E 9 , which is compatible 
with the integrable complex structure J := j x ■ ■ ■ x j. 

Let &i denote the symmetric group on I points, for some I € N. There is a natural action 
of & g on E 9 that permutes the coordinates. We denote the quotient space under this action 
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by M = Sym 9 S, referred to as the gth symmetric product of E. Denote by tt: T, 9 — > M the 
quotient map. Conveniently, Mis a smooth manifold of dimension 2g. Indeed, each point of M 
can be identified with an unordered g-tuple of complex numbers, so locally M can be seen as an 
open subset of the space of monic polynomials of degree g over C (by sending a polynomial to 
its zero set). But the space of these polynomials can be identified with C 9 , and hance M locally 
looks like C 9 . In fact, the same argument shows that if S is any surface and I is any positive 
integer, the space S X • • • S /&i is also a manifold. It can be shown that the smooth structure 

I times 

on M depends on our original choice of j, but its diffeomorphism type does not. We refer the 
reader to the original paper [MacD62j for the proof of this result. 
Let tt: £ 9 — > M denote the quotient map. Let 

E := {(z\, . . . , Zg) G X 9 j Z{ = Zk for some i 7^ k}, 

and let D := tt(E). Then the restriction of tt to X 9 — E is a covering space over M — D of rank 
g\, and hence tt: X 9 — » M is a branched cover. 

The following lemma is proved in Section 2 of [OS04a]; we omit the proof which is essentially 
a piece of algebraic topology. 

Lemma 3.4. The group tti(M) is abelian, and hence tt\(M) = H\{M). Moreover, H\{M) = 
.ffi(£) where an isomorphism H\{M) — > -ffi(S) is given by the map 

M -►!>]■ 

Here 7 : S 1 — >■ M is any continuous map, which after a perturbation within its homotopy class, 
may be assumed not to intersect the diagonal D. So 7 can be thought of as map into T, 9 , or 
equivalently, as a collection of maps 7,- : S 1 — > S for 1 < j < g. 

There is a well-defined 2-form Co on M — D defined by 

Cb := 7T* (fi) I M-.D- 

In fact, Co is a Kahler form on M — D. To see this, note that there is a well-defined integrable 
almost complex structure j on M that is defined by the requirement that tt: (S 9 , JT) — > (M, j) is 
(J, j)-holomorphic, and it is easy to see that )\m-d is compatible with Co. We emphasise that j 
is well-defined on all of M, whereas Co is only defined on M — D. However, it is easy to see that 
Co does still determine a well-defined cohomology class [Co] € H 2 (M;MC). 

Now fix any small neighbourhood N(D) of D in M . A result due to Perutz [PQU Sec. 7] (that 
builds on earlier work of Varouchas) tells us that there exists a 2-form 10 G Q 2 (M) with the 
properties that: 

(i) to = Co on M - N(D), 
(ii) [u] = [Co] mH 2 (M;R), 
(iii) uj is a Kahler form on all of M. 

In words, we can produce from Co a new Kahler form 00 on M that agrees with Co on M — D 
(and so is compatible with j onM-D), and that determines the same cohomology class as Co 
inH 2 (M;R). 

Suppose now that a := (ai,--- ,a g ) and (3 := (Pi,--- ,P g ) are two ^-tuples of embedded 
circles in £ such that the curves in each set are pairwise disjoint. Then they determine two 
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embedded tori a± X . . . X a g and f3\ x . . . x f3 g in T, 9 (which are Lagrangian with respect to fl), 
and are both contain in T, 9 — E, since the curves in each of the two sets a and f3 are pairwise 
disjoint. 

Define T a := 7r(ai x . . . x a g ) and T^ := n(0i x . . . x f3 g ), so that T a and T^ are embedded 
tori in M = Y, 9 /<5 g . We can always choose a neighbourhood N(D) of D, so that 

T Q niV( J D) = 0, Tp n N(D) = 0. 

Then T a and T^ are Lagrangian submanifolds of (M, u), where u is Perutz's Kahler form. 

3.3. Spin c structures. In this section we give a precise definition of the set Spin c structures on 
Y, denoted by Spin c (Y). There are various ways to define them, but for us the most useful is 
the topological interpretation of Spin c structures as nonsingular vector fields on Y which is due 
to Turaev [Tu90] . 

Two nowhere vanishing vector fields v\ and v 2 are said to be homologous, denoted by v\ ~ v 2 , 
if there is a ball B in Y with the property that v\\y-b is nomotopic to v 2 \y-b- This is an 
equivalence relation, and Spin c (Y) is defined to be the set of equivalence classes of nonsingular 
vector fields on Y . 

There is a bijective correspondence of Spin c (Y) and H 2 (Y) = H\(Y). Indeed, since Y is 3- 
dimensional, we can take a trivialisation ip : TY — > Fxl 3 . Then we can define a map /„, v : Y — > 
S 2 , by setting f<p, v (p) := ipH^W) which is well-defined since v is everywhere nonsingular. If 
v\ ~ t>2, then the maps ftp, Vl and f V}V2 are homotopic on Y — B. 

Denote by II(Y, S 2 ) the set of equivalence classes of maps Y — > S 2 that are homotopic away 
from some ball B. Then standard obstruction theory shows that H(Y, S 2 ) is classified by H 2 (Y) 
via the map 

/^/*(M), 
where / G II(Y, S 2 ), the map /* is the standard map on cohomology H 2 {S 2 ) — > H 2 (Y) derived 
from /, and \x := PDo[S 2 ] (see for example jDKOll Chap. 7]). Set O^v) := /*(/u). Note that any 
two trivialisations ip and (p' differ by a map ^: Y — > SO(3), which means that if (f(v p ) = (p,w), 
then <p'(v p ) = (p,ip(p) • w). So we have 

where k is the generator of H 2 (SO(3)) = Z2. Now we have that 

e v (v!) - e v (v 2 ) = {d v >{vx) + ^*(«)) - {e^{ V2 ) + ^*(«)) = e^{ Vl ) - 9? fa), 

and thus the difference 6(vi,V2) '■= 9u,{v\) — ip {v2) is always independent of the trivialisation. 
Instead of 9{v\,V2) we write v\ — v 2 . 

Hence, there is always a free, transitive action of H 2 (Y) on Spin c (Y). If a G H 2 (Y), then 
a + v G Spin c (y) is defined to be the vector field such that 9 (a + v , v) = a. 

Remark 3.5. If H 2 (Y) has no 2-torsion, then 0<n(v) is always independent of the choice of ip. 
Indeed, 

2(9 v (v) - 9 v ,{v)) = (6 v (v) - v (-v)) - (9^(v) - 9^(-v)) 
= 9(v, —v) — 9(v, —v) 
= 0. 
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Suppose x,y£T„n TV Given two paths, one from x to y in T a and the other from y to x in 

T/3, we can concatenate them to form a loop 7: S 1 — >• M. Clearly if [7] ^ € 7Ti(M) for every 

7, then 7T2(x, y) = 0. Thus we are led to consider the well-defined homology class in H\(M) 

obtained from [7]: 

ffi(M) 

Under the isomorphism H\(M) = iJi(S), from Lemma 13.41 e(x, y) determines the class 

*(*,y) e T-n A^ rTn " Fl ^ 

M,--- , 1%J,LpiJ>--- ,[A?J 

Now, because Lemma 13.41 savs that 717 (M) = Hi(M), we have that 7 can be extend to a map 
D — > M if and only if e(x, y) = 0, and hence if and only if e(x, y) = 0. So we have the following 
corollary. 

Corollary 3.6. The set ^(x, y) is non-empty if and only if e(x, y) = € H2(Y). 

There is an alternative way to describe the class e(x, y) that proves to be useful in what 
follows. Recall from Section 13.11 that we can choose a Morse function / and a Riemannian 
metric p on £ compatible with the Heegaard diagram (£,a,/3). We use the notation from 
Equation d22j) . Set 

1]k := w u ( gj , -v/) n w s ( Pk , -v/), 

so that 7^^ is a flow line in Y, whose closure jj k may be thought of as a map 7^ : [0, 1] — > Y 
with 7jfc(0) = ty- and 7^(1) = p k . 

Set XjA; := TjfcHX. Then an intersection point x £ T a r\T/3 is just a collection {27^ , • • • , Xj g k g } 
of points Xj itki . Thus, given x = {x jlkl ,. . .,x jgkg } and y = {a^/j./, . • . ,x^^}, we can consider 
the 1-cycle in Y given by 



Tnki + • • • + lj g k 9 ~ 7j[k[ 7j' g k' g ■ 

This determine a homology class in H\(Y) that is seen to be e(x,y). 

This second way of defining e(x, y) makes the relationship between e(x, y) and Spin c (Y) 
particularly clear. Suppose x G T a n T^ with ^j iki as above. Take tubular neighbourhoods 
N(^ij. k .) of each 7^. Fix a flow line 70 of — V/ from p m in to p ma x passing through the base 
point z, and let -/V(7o) denote the tubular neighbourhood of 70. Note that each of these tubular 
neighbourhoods is homeomorphic to a ball. Set 

B ■= N(% kl ) U • • • U iV(7 isfeg ) U JV(7 ). 

Note that — V/ does not vanish on Y — B, and in particular on dB. Moreover, by the Poincare- 
Hopf theorem, the map — V/|as extends to a non- vanishing vector field on all of B since the 
sum of the indices of the zeros of — V/ in B is zero. Indeed, each N(jj iki ) and -/V(7o) connect 
critical points of / that have different parity. After performing this extension, we obtain a 
non-vanishing unit vector field v on Y, which defines a Spin c structure s on Y. Thus, there is a 
well-defined map 

s 2 :T a nT^^Spm c (Y), 

given by s z (x) := s, where s = [v] and v is the vector filed obtained as explained above. For some 
s € Spin c (Y), we denote by Z($, z) the set of intersection points x E T a n T/3 with s z (x) = 5. 

The following result is essentially clear from the second definition of e(x, y) above; we refer 
the reader to Lemma 2.19 [OS04aJ for a detailed proof. 
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Lemma 3.7. Given two points x, y £ T a n Tg, we have that s z (x) = s z (y) if and only if 
e(x, y) = 0. Thus if xE Z(s, z), then 

Z(s, z) = {y eT a nTp \ e{x,y) = 0}. 

The following corollary is immediate from Corollary 13.61 and Lemma 13.71 

Corollary 3.8. Given two points x, y £ T a H T», we have that iT2(x,y) ^ if and only if 
s z (x) = s z (y). 

There is also a well-defined map c\\ Spin c (Y) — \ H 2 (Y). Indeed, if v is a nonsingular 
vector field, then the orthogonal complement v 1 - can be regarded as a complex line bundle 
over Y, and thus the first Chern class c\(v ) is a well-defined element of H 2 (Y). It is easy to 
check that v\ ~ v 2 implies that Vi and ^2" are isomorphic as complex line bundles and hence 

ci(tr) = ci{v^). 

3.4. Domains and ^(x, x). Let (S,a,/3,z) be a pointed Heegaard diagram of a closed three- 
manifold Y, and as usual we assume that E has genus g > 3. Let M = Sym 5 (E) as above. 
Instead of studying the Whitney disks connecting points in T a n T^ in M, it can be helpful to 
study their "shadows" in E g . In other words, we can associate to each <f> G 7T2(x,y) a subsurface 
of E 5 called a domain T>(<j)). 

Define the submanifold V z C M of codimension-2 to be 

K := vr({z} x E x ■ ■ ■ x E ). 
g—X copies 

Recall that n is the projection map E s — >• M. 

Definition 3.9. Given x, y £ T a n T^ and £ 7Ti(x, y), fix a map t> : D — > M that represents (j) 
and is transverse to V z . Then define n z (<f>) to be the algebraic intersection number of u(D) n V^. 
Note that n z (<j)) is well-defined as it does not depend on the choice of v representing <f> as long 

as v rti Vz. 

Now for some more algebraic topology. It can be shown, assuming g > 3, that 7r2(M) = Z, 
and 7Ti(M) acts trivially on ^(M) |OS04at Prop. 2.7]. Moreover, there is an explicit generator 

a: S 2 ->Mof 7r 2 (M) with the property that 

n z {a) = 1, ci(a*([S 2 ])) = 1. (23) 

See |OS04at Lem. 2.8] and |MacD62] . Since iri(M) acts trivially on ^(M), by slight abuse of 
notation for any given x £ T a nT^, we can regard a as defining an element of 7T2 (x, x) . Then 
we have the following lemma (the proof is just algebraic topology). 

Lemma 3.10. [OS04al Prop. 2.15] Given any <f> £ 7^(2:, x), we have 

(j) = ka#4>o, 

for some k £ Z and some cj)Q £ 7^(2;, x) with n z (4>o) = 0. Therefore, if we set 

ir%(x, x) := {<j> £ tt 2 (x, x) \ n z {4>) = 0}, 

then 

tt 2 (x,x) = Z©7r 2 °(a;,E). 
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In fact, we can identify vr^x, x) with H2(Y), and in order to explain this we introduce the 
notion of a domain. For every x G T a n T^, a class <f> G ^(x, x) is called a periodic class. 

Definition 3.11. Let (E,ct,/3, z) be a given Heegaard diagram of Y. Let Di,...,D m denote 
the closures of the components of £ — Uf =1 cti — u| =1 /3j, indexed so that z G D\, and denote by 
D(T,,a, (3) the free abelian group generated by these components and isomorphic to Z m . Thus 
if Pe D(E,a,0), then 

m 

2? = y^piDi, for some j>i € Z. 

i=l 
We define 

nj(P) :=pj. 

We say that 2? > if rii(T>) > for each i, and given two domains T>,T>' we say 2? > X? if 
X> - £>' > 0. 

Next, given a homotopy class (j> G ^(x, y) we can define another notion of domain based on 
the intersection number n z . 

Definition 3.12. Let (£, ex, (3, z) be a given Heegaard diagram of Y. Let D(E,a,(3) be the 
set of domains isomorphic to Z m from Definition 13.111 Set z\ := z and for each k G {2, . . . , m} 
choose an arbitrary point z^ in the interior of D^. Then given x, y G T a n T^ and 4> G ^(x, y), 
define 



ZW):=XX($A. 

fe=i 

Clearly, 2?(0) is well-defined as it is independent of the choice of the points z^. 
Note that if G ^(x, x), then &D(<p) is a union of a and /3 curves: 

for some integer coefficients <Xj, 6j. In general, any domain X> = YITLi Pi^i, such that its boundary 
is a union of a and /3 curves, is called a periodic domain. To any periodic domain X>(0) we can 
associate a homology class T-L(4>) G H2(Y) given by 



W($ := P(0) + Y, aiA + ^ 6 i^i' 



where A{ and Z?.,- are the cores of the two handles attached to a, and /3j, respectively. As a 
result we have, in addition to Lemma 13.101 the following statement. 

Lemma 3.13. |OS04al Prop. 2.15] The map n%(x,x) ->• H 2 (Y) given by <fi \-> %{4>) is an 
isomorphism. 

We are now ready to state a deep result of Ozsvath and Szabo about the relation of the 
Maslov index of 4> G vr^x, x), the Spin c structure s z (x), and %{4>). The proof goes beyond the 
scope of this introductory article. 

Theorem 3.14. [OS04a, Thm. 4.9] Let (H,at,j3,z) be a pointed Heegaard diagram for Y. Then 
for any x G T a n Tg, and any (j) G n^x, x), we have 

^) = (c 1 (sM),n^)- (24) 
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Next, we introduce the definition of an admissible Heegaard diagran\j] in Section 5 of [OS04a| 
it is shown that there always exists an admissible diagram for Y. 

Definition 3.15. A pointed Heegaard diagram (£, a, (3, z) is called admissible if for every point 
x G T a n T^ and every class (j) G 7r2(x,x) with fj,(<f>) = 0, the corresponding (periodic) domain 
D((f>) has both positive and negative coefficients. 

We can now prove the main result of this section. 

Theorem 3.16. Suppose (Y<,a,{3,z) is an admissible pointed Heegaard diagram. Then for any 
s G Spin c (y) ; any two points x,y£ Z(s, z), and any pair of integers r, I, the set 

K --{(j) G tt 2 (x, y) | n z {4>) = r, M (0) = I, V{4>) > 0} (25) 

is finite. 

Proof. If K 7^ 0, then fix ip G K. Given any other <j> G K, since 4>,il> G ^(x, y), we can write 
(p = 4>'#ip, for some (j)' G ^(x, x). From Lemma 13.10} we know that 

for some k G Z and 0i G vr^x, x). By additivity of the Maslov index (see Equation ©), we 
have //(</>') = n(4>) — /J>(ip) = 0. Next consider the computation 

= fitf) 

= K4>o) + k(j,(a) 

= (ci(s), H(<M) + 2k Cl (a*([S 2 })), 



where the third inequality uses Equations ([7]) and (f2~4"|n . Plugging in ci(cr*([S 2 ])) = 1 from 
Equation ([23]) . we have 

fc = -^<ci(*),Wo)>. 

From Equation (|23p we also know that n z (o~) = 1, which means that since n z {cj)) = n z (ip), we 
have n z (<t>') = and so A; = 0. Thus </>' = 0o and 

where 4>Q G n® (x, x) satisfies 

(ci(5),W(^,))=0, 
or equivalently fx{<f>o) = by Equation (|2~4"|) . 

Next, since 2?(</>) > and 2?(^>) > 0, then £>(</>o) > —T>(ip). Recall that V was an arbitrary 
fixed element. So we may identify the set K with the following set 

Q := {cf> G vr°(x,x) | /i(0o) = 0,P(<^o) > V($)}. 

To complete the proof we show that Q is finite. 

Suppose that Q is not finite. Consider Q as a lattice in Z m , which in turn lives in R m . Denote 
by Q the infinite polytope defined by Q in IR m . Then since Q is infinite, there exists a sequence of 
points (qj) with ||aj[| — > oo. Now consider the compact space given as the intersection of the unit 



The definition we give for admissible is what Ozsvath and Szabo call weakly admissible in Definition 4.f0 of 
|OS04a| 1. 

There are two different ci's in the last line of the computation! The first one, ci(s), lives in H 2 (Y), and the 
second one, which is really Ci(TM,j), lives in H 2 (M). 



INTRODUCTION TO SUTURED FLOER HOMOLOGY 37 

sphere S m_1 and Q; the sequence (<7j/||<7j||) is a subset of this compact space and therefore has 
a subsequence that converges to some point q. However, as the coefficients of qj were bounded 
bellow, and \\qj\\ — > oo it follows that q has all non-negative coefficients (although probably non- 
rational). As we were working in a convex polytope, there must exists a point corresponding 
to a periodic domain with rational coefficients that are also non-negative (otherwise q would 
be outside of Q). Clearing denominators we find a point with non-negative integer coordinates, 
corresponding to a domain tfi £ ^(x, x) such that /J, ((f)) = 0, hence contradicting our assumption 
that the diagram is admissible. 

D 

Corollary 3.17. For any x,y € T Q n Yp, there are at most finitely many classes (f> £ ^(x, y), 
such that n(4>) = 1 and such that A4(x, y; (f>) is non-empty. 

Proof. This is an immediate consequence of Theorem 13, 16} together with the following claim: 
if A4(x,y,(f)) 7^ 0, then T>(4>) > 0. Indeed, note that since j is an integrable almost complex 
structure, any j-holomorphic curve v. D — >• M has as its image a complex manifold v(D) in M. 
The same is true of each submanifold V z , and it is a general fact that if two complex submanifolds 
intersect transversely, then their algebraic intersection number is always non-negative. □ 

Remark 3.18. There is actually a complication in the proof of Corollary 13.171 that we have 
sidestepped. As the reader may recall from the Section [21 we actually need to perturb j to 
obtain transversality of moduli space A4(x, y;</>). In general, such a perturbation results in a 
non-integrable almost complex structure, rendering the argument in our proof invalid. However, 
Ozsvath and Szabo work very hard in Section 3.3 [OS04a] to show that it is possible to obtain 
transversality for the moduli spaces At(x, y; (f>) by only perturbing the almost complex structure 
away from the submanifolds V Zi for 1 < i < m (where, recall, m is the number of domains forming 
the basis of T>(T,, a, (3)). This means that in a neighbourhood of each V Zi , we still work with an 
integrable almost complex structure, and hence the preceding proof still works. 

Remark 3.19. Note that Theorem 13.141 allows us to conclude more about the grading on HF 
than the material from Section [2j Indeed, it follows from Equation (|24j) (see also [OS04al Lemma 
3.3]) that Heegaard tori have minimal Maslov number 2. Thus, our constructions from Section 
[2] would only give HF a Z2 grading, that is, 

gr: Z(s,z) x Z(s,z) ^Z 2 . 

However, Theorem 13.141 shows that in fact HF can be graded modulo O(s), where d(s) is given 
by 

d(s):= gcd (ci (*),£). 

In general, being able to grade modulo D(s) is a stronger statement. For instance, if Y is a 
homology sphere, then 13. 141 shows that we get a Z grading. 

In other words, for some x, y € Z(s,z), and (p,ifj £ ^(x, y), we have 
dim.M(x, y; (f>) = //(</>) and dim M.(x,y;tp) = n(ifj), and 

n((f)) = n(ip) mod d(s). 

3.5. Bubbling. In this short section we explain how bubbling off of holomorphic spheres and 
disks is precluded as we only work with classes (f> £ it® (x, y ) . We use the notation from Theorem 
12.191 (Gromov compactness II). If a sequence (t> n )neN C A^x, y; (f>) has a singular set A C B, so 
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that (up to subsequence), v n — > w on D — A, and a holomorphic sphere or disk v p appears at 
each point p £ A, then for large n, we have 

n z {v n ) > n z {w) + ^2 n z{v P )- 

As in Equations (fTHj) and (fT9|) . we have an inequality (and not equality) because it is possible 
that additional bubbles can appear on the bubbles (forming so called 'bubble trees'). Moreover, 
using the same argument as in the proof of Corollary 13.171 we see that the algebraic intersection 
numbers n z are always non-negative. Thus, if a bubble exists, it must have n z = 0. We show 
that this is impossible. 

In the case of holomorphic spheres this is immediate from the fact that ^(Af ) = Z is generated 
by a map a: S 2 — > M with n z (o~) = 1 (see Equation (|23|) ). Therefore, there are no spheres, 
let alone holomorphic spheres, with n z = 0. The argument for disk bubbles is slightly more 
involved, so we state it as a lemma. 

Lemma 3.20. Let v. (ID, dO) — > (Sym 9 (£),T a ) satisfy n z {v) = 0. If v is pseudo-holomorphic, 
then v is constant. 

Proof. If v(J}) C T a UT^ and v is pseudo-holomorphic, then E{v ) = 0, which means that v is 
constant. So suppose there exists a point r in the interior of B, such that v(r) £ T a . 

Let pi : £ x • • • x £ — > £ denote the projection onto the i-th. coordinate. Then there is an i 
such that 

9 

Pi{v(r)) € £ - (J a. 
i=i 
That is, q := Pi(v(r)) is a point in £ that is not on any of the a or (3 curves but in some domain 
V. This means that n q (v) ^ 0, and since n q {v) = n z (v) for any point z € T>, we have that 
Pi(u(D)) is a surface in £ with pi(v(dH>)) C Uf=i a - But the a curves are linearly independent, 
therefore no subset of the a curves can bound a subsurface of £; that is, pi(v(D)) = £. This 
contradicts n z (v) = 0. □ 

3.6. Knot Floer homology. We now briefly describe Ozsvath and Szabo's Knot Floer homol- 
ogy denoted by HFK: an invariant for null-homologous knots in 3- manifolds defined using a 
slightly modified construction of HF [OS08J. 

Let Y be a closed, oriented 3-manifold, and let K be a null-homologous knot in Y . Then 
HFK(Y, K) is a bigraded abelian group constructed from a two-pointed Heegaard diagram 
(T,,a,f3,w,z) that encodes the topology of Y, as well as of the embedding of K C Y. It is 
easy to see that a given Heegaard diagram (£,o:,/3) of Y, together with two basepoints w and 
z, defines a knot in Y. Indeed, we can connect w with z by an arc a in £ — Dai, and z with w 
by an arc b in £ — U/3j. By pushing a into the handlebody obtained by attaching 2-handles to 
the a curves, and b into the handlebody obtained from the /3 curves, we create a loop ab (that 
intersects £ in exactly two points). The loop ab is a knot in Y. 

On the other hand, given K C Y, it is not hard to construct a two-pointed diagram. Con- 
sider the Morse-theoretic description of a given two-pointed Heegaard diagram. Recall that a 
Heegaard diagram of Y can be obtained from a self-indexing Morse function (see Section [3. ip . 
Take the knot K in Y, and a height function h on K, which has only two critical points p, q 
with h(p) = and h(q) = 3. Extend h to a self-indexing function with the index 1 and index 
2 critical points disjoint from K, and construct a Heegaard diagram (Y,,a,(3) for Y as before. 
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Taking £ = /i (3/2), it is clear that K intersects S at exactly two points that we define to be 
the basepoints w and z. 

The construction of the Floer complex CFK proceeds identically as before, with the only 
change that in the differential we require not only n z ((fi) = 0, but also n w (4>) = 0. The re- 
sulting Knot Floer homology is similarly invariant under all the choices that were made in its 
construction. The complex admits a decomposition along relative Spin c structures denote by 
Spin c (Y, K) := Spin c (lo(^Q)j where Yq(K) is the result of (canonical) zero-surgery along K. 



4. Sutured Floer homology 

Sutured manifolds (M, 7) are 3-manifolds M with boundary together with a set 7 of pairwise 
disjoint annuli and tori on their boundary. In 2006, Juhasz constructed an important algebraic 
invariant for sutured manifolds, called sutured Floer homology, building on Ozsvath and Szabo's 
revolutionary package of Heegaard Floer homology tools. Sutured Floer homology combines 
the powerful theory of sutured manifolds developed by Gabai and the analytical foundations of 
Floer theory. 

Gabai defined sutured manifolds in 1983 and used them to prove a number of long-standing 
conjectures. For example, he proved that zero surgery on a nontrivial knot in S 3 cannot result 
in S 1 x S 2 (the Property R Conjecture [Ga87b ) or in S 1 x S 2 #Y, where Y is some closed 
3-manifold (the Poenaru Conjecture [Ga 87bj ). He showed that only trivial surgery on satellite 
knots results in a homotopy S 3 (Property P for satellite knots |Ga87c|). Gabai, and indepen- 
dently Scharlemann, also proved the superadditivity of knot genus, which means that the sum of 



the genera of two knots is a lower bound for the genus of their band connect sum |Ga891 [Sch89] . 
(A band connect sum of two knots generalises the concept of a connect sum of two knots.) 

Gabai defined decomposition of sutured manifolds along surfaces that gives new 'simpler' 
sutured manifolds. He showed that every sutured manifold admits such decompositions that 
eventually, after a finite number of steps, terminate in the simplest possible manifold - a product 
manifold. These sutured manifold hierarchies gave a controlled way of breaking down complex 
manifolds into simpler ones, and in a historical context, extend the work of Haken and Wald- 
hausen in the 1960's on hierarchies of Haken manifolds, that is, manifolds that are P 2 -irreducible 
(irreducible and have no 2-sided projective planes) and contain a properly embedded, 2-sided 
incompressible surface. 

Whereas Heegaard Floer theory revolutionised the way one studies 3-manifolds, sutured Floer 
homology did the same for sutured manifolds. Firstly, sutured Floer homology detects the 
product manifold, that is, a (balanced) sutured manifold is a product manifold (homeomorphic 
to surface x I) if and only if its sutured Floer homology is equal to Z (Corollary 14. 37p . Since 
Juhasz's theory generalises knot Floer homology, this leads to a new proof that knot Floer 
homology detects the genus of the knot (first proved by Ozsvath and Szabo |OS04dj), and also a 
(simpler) proof that knot Floer homology detects the unknot (first proved by Giggini for genus 
one knots using contact topology [Gh08| . and then by Ni in the general case jNi07j ); see Remark 
14331 . 

Juhasz studies the way the sutured Floer homology changes under Gabai's surface decom- 
positions, and shows that (if the decomposition is "nice") the sutured Floer homology of the 
resulting manifold is a direct summand of the sutured Floer homology of the original manifold 
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(Theorem I4.3ip . This gives a way of associating an integer invariant (the rank of SFH) to man- 
ifolds at each stage of the hierarchy. This leads to conclusions about the depth of the hierarchy; 
for example, if the rank of sutured Floer homology is less than 2 fc+1 , then there is a sequence 
of at most 2k sutured decompositions that ends in a product manifold ( Proposition 14.36]) . In a 
similar vein, if a genus g knot K has rank of knot Floer homology HFK(K,g) less than 2 fc+1 , 
then K has at most k pairwise disjoint non-isotopic minimal genus Seifert surface (Theorem 

H3QD. 

Further, the support of the sutured Floer homology, as a subset of H 2 (M, dM), gives rise to 
the sutured polytope, which has many properties that can be used to analyse the topology of M 
(Section l4.8p . For example, all faces of the polytope correspond to surface decompositions: given 
a face of the polytope there is a surface decomposition such that the resulting manifold's sutured 
polytope is precisely that face ( Corollary I4.44J) . and vice versa, given a surface decomposition, 
the resulting manifold's sutured polytope is precisely a face of the polytope (Proposition 14.43]) . 
In true spirit of a generalisation, whereas the Heegaard Floer homology polytope is symmetric, 
the sutured Floer polytope is asymmetric (Example I4.45J) . Moreover, whereas the Heegaard 
Floer homology polytope is dual to the Thurston norm unit ball, and its vertices supporting the 
Z group correspond to fibrations of the manifold ([Ni09, Thm. 1.1]), the sutured Floer polytope 
is dual to the foliation cones of Cantwell and Conlon |CC99j . and its vertices supporting the Z 
group correspond to taut, depth one foliations of the sutured manifold (precisely the extension 
of the concept of a fibration) [A112] . Another comparison worth making, is that the Euler 
characteristic of the knot Floer homology is a topological invariant of the 3-manifold, namely 
the Alexander polynomial [OS04e, Ra03j, whereas the Euler characteristic of sutured Floer 
homology is a type of Turaev torsion, and [FJR10] give an easy algorithm for computing it 
(Section mU]). 

The construction of sutured Floer homology follows closely the construction of the 'hat' flavour 
of Heegaard Floer homology HF. In the language of the previous sections, we have that every 
sutured manifold (M, 7) admits a type of Heegaard diagram (E, a,/3), called a sutured diagram; 
here the surface E has boundary and its boundary describes the sutures on (M, 7). There is no 
basepoint involved, because any basepoint could be taken to lie in a component of E — UjOj Uj /3j 
that contains a boundary component of E. Since no holomorphic disk 'projects' onto such a 
component, it follows that automatically n z = for every holomorphic disk. From there, Juhasz 
proves that sutured Floer homology is well-defined by adapting Ozsvath-Szabo's Floer theoretic 
framework for closed manifolds to the setting of sutured manifolds. 

This article is meant only as an introduction to the topic of sutured Floer homology (not as 
a survey article of all work done in this area), so we have omitted Juhasz's work on cobordisms 
[JulOcj . This article has grown from the Lagrangian setting, into the Heegaard Floer, and lastly 
into the sutured Floer setting, and so we decided to stay focused only on the implications that 
could be explained without much additional theory. Thus, we have also completely omitted sub- 
stantial literature concerning the connection between sutured manifolds and contact manifolds 
(for example see the papers of Honda, Kazez and Matic JKHM021 [KHM081 IKHM09] ). 

A small notational caveat: unlike in previous sections where M denotes Sym 9 (E), in this 
section M is exclusively used to denote a sutured manifold. 

This section is organised as follows. 

14.11 An introduction to sutured manifolds, sutured manifold decomposition and hierarchies. 
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Definition of sutured Heegaard diagrams, and why they must be balanced (so that the 

Floer machinery works). 

Definition of sutured Floer homology SFH. 

Definition of relative Spin c structures, as well as the norm-like geometric quantity c(S, t) 

for sutured manifolds. 
31 Basic properties of SFH, its relation to HF and HFK. 
14.61 Types of "well-behaved" surfaces and the effect of surface decompositions on SFH. 
14.71 Other Juhasz's results, such as how rank SFH gives a bound on the depth of manifold, 

the relation of SFH of Seifert surface complements and HFK, and the SFH of a solid 

torus with (p, q) torus knots as sutures. 
14.81 Definition of the sutured Floer polytope and some of its properties. 
14.91 A short survey of 3-manifold norms, including Juhasz's new invariant c(S,t) that plays 

the role of a norm for SFH. 
14.101 Algorithm of Friedl, Juhasz, and Rasmussen for computing the Euler characteristic of 

SFH using Fox calculus methods. 

4.1. Sutured manifolds. In this section we define sutured manifolds, balanced sutured mani- 
folds, and strongly balanced sutured manifolds listed in order of decreasing generality. In order 
to use the construction of HF for sutured manifolds, Juhasz had to impose certain 'symmetry' 
constraints on the sutured manifolds to make them 'balanced'; we explain why his definition is 
the only natural one. Strongly balanced sutured manifolds, are necessary for the definition of 
the sutured polytope, which we give in Section HTHl Next, we recall the definition of tautness, 
and explain Gabai's operation of decomposing a sutured manifold along a surface into simpler 
sutured manifolds. Lastly, we give a couple of examples and define sutured hierarchies. 

Definition 4.1. A sutured manifold (M, 7) is a compact oriented 3-manifold M with boundary 
together with a set 7 C dM of pairwise disjoint annuli ^(7) and tori T(-f). Furthermore, in 
the interior of each component of A^) one fixes a suture, that is, a homologically nontrivial 
oriented simple closed curve. We denote the union of the sutures by s(7). 

Finally, every component of R(^f) ■= dM — Int(7) is oriented. Define R+ij) (or i?„(7)) to be 
those components of dM — Int(7) whose normal vectors point out of (into) M. The orientation 
on i?(7) must be coherent with respect to 5(7), that is, if 6 is a component of dR^j) and is 
given the boundary orientation, then 5 must represent the same homology class in -Hi (7) as 
some suture. 

A trivial example is the product sutured manifold given by (S x /, <9S x /) where S is a 
surface with boundary and with no closed components; see Figure |U Other simple examples 
are obtained from any closed, connected 3-manifold by removing a finite number of 3-balls and 
adding one trivial suture to each spherical boundary component. 

Less trivial examples are those of link complements in closed 3-manifolds with sutures consist- 
ing of an even number of (p, g)-curves on the toroidal components. For example, see Figure [5] for 
an example of solid torus with (1, 1) and (0, 1) sutures, also denoted by T(l, 1; 2) and T(0, 1; 2), 
respectively. In particular, if K is a knot in a connected, oriented 3-manifold Y, denote by 
Y(K) the sutured manifold homeomorphic to Y — N(K) with two parallel sutures on N(K) 
corresponding to meridians of K. 
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Figure 4. Product sutured manifolds Ex/, with E a disk (left) and E an annulus (right). 





Figure 5. Left: parallel (1, 1) torus knots give rise to T(l, 1; 2). Right: T(0, 1; 2) 
is not taut, because -R±(7) are not Thurston-norm minimising. 

Example 4.2. Also often studied are the complements of surfaces in closed 3-manifolds with 
sutures derived from the boundary of the surface (for example, the complement of a Seifert 
surface of a knot). In particular, if Y is a closed connected oriented 3- manifold, and R C Y is 
a compact, oriented surface with no closed components, then we obtain the balanced sutured 
manifold Y(R) := (M, 7 ), where M :=Y - N(R x [0, 1]) and 7 := dR x [0, 1]. 

Now consider the definition of a balanced sutured manifold. 

Definition 4.3 (Jintro, Def. 2.2). A balanced sutured manifold is a sutured manifold (M, 7) 
such that M has no closed components, the equality x(R+(l)) = x(R-(,l)) holds, and the map 
710(^4(7)) — > 7To(<9M) is surjective. 

Remark 4.4. Note that in the definition M has no closed components, because those could 
already be studied with Heegaard Floer homology. We only care about manifolds with boundary. 
Further, without loss of generality, from now on we consider M to be connected. 

By definition, balanced sutured manifolds have T(^) = and each component of dM contains 
at least one element of A("f), which can be thought of as a "thickened" suture. At first glance 
it may not be transparent why sutured Floer homology should be defined only for this class 
of sutured manifolds, however it is not hard to see why this definition is only natural. As we 
have already mentioned, sutured Floer homology follows the construction of HF: start with a 
diagram associated to a sutured manifold and construct an associated homology group that is 
an invariant of the starting manifold. The question is what properties do we need a "sutured 
diagram" (E, a, (3) to have so that the Floer machinery can run its course? Part of the answer is 
obvious: E has to have boundary, a and (3 have to have the same number of elements, and a, j3 
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each have to be a set of linearly independent cures in Hi(T,;Q). Following Figure El we recover 
the definition of a balanced sutured manifold; we give a detailed explanation of the figure in 
Section [OJ 

Next, consider the definition of a strongly balanced sutured manifold; the sutured Floer 
polytope is only defined for this class of manifolds. The reason behind this becomes apparent 
in Section! 



Definition 4.5 (Jsurfaces, Def. 3.5). A strongly balanced sutured manifold is a balanced sutured 
manifold (M, 7) such that for every component F of dM the equality x(F H ^+(7)) = x(F H 
R-(Tf)) holds. 

Further, a sutured manifold can be taut. 

Definition 4.6. A sutured manifold (M, 7) is said to be taut if M is irreducible, i?(7) is 
incompressible and Thurston-norm minimising in H2 (M, 7) . 

See Figure (right) for a simple example of a non-taut sutured manifold. 

Remark 4.7. Note that the sutured manifold defined by a surface complement is strongly 
balanced. In particular, when K C S 3 is a knot with a minimal genus Seifert surface R, then 
S 3 (R) is is a taut, strongly balanced sutured manifold. 

Knowing whether the sutured manifold (M, 7) is taut or not, says something about its sutured 
Floer homology: for example, if M is irreducible, but (M, 7) is not taut then SFH(M, , y) = 
|.7u08al Prop. 9.18]; but if (M, 7 ) is taut, then SFH(M,j) > (Theorem IQ3I below). 

Now we define the operation of decomposing sutured manifolds into simpler pieces that was 
introduced by Gabai [Ga83l Def. 3.1]. 

Definition 4.8. Let (M, 7) be a sutured manifold and S a properly embedded surface in M 
such that for every component A of S D 7 one of (i)-(iii) holds: 

(i) A is a properly embedded non-separating arc in 7. 
(ii) A is simple closed curve in an annular component A of 7 in the same homology class as 

An 3(7). 
(iii) A is a homotopically nontrivial curve in a toroidal component T of 7, and if 5 is another 

component of T D S, then A and 5 represent the same homology class in H\(T). 

Then S defines a sutured manifold decomposition 

(M, 7 )^ 5 (M', 7 '), 
where M' := M - Int(N(S)) and 

7 : = (7 n M') u N(S' + n R-{j)) n N(S'_ n R+fr)), 

R+tf) : = ((i*+( 7 ) n M') U 5V) - Int( 7 '), 
i?_( 7 ') : = ((i2_( 7 ) n M') U SL) - Int( 7 '), 

where S' + (S'_) are the components of dN(S) n M' whose normal vector points out of (into) M. 
The manifolds S+ and SL are defined in the obvious way as copies of S embedded in dM' that 
are obtained by cutting M along S. 

Note the following special, simple case of surface decomposition. 
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Definition 4.9. A sutured manifold decomposition (M, 7) 



D 



(M', 7') where D is a disk 



properly embedded in M and |J3 n s(j)\ = 2 is called a product decomposition. 

Remark 4.10. If (M, 7) is balanced and if (M, 7) ~-> (M',7') is a product decomposition, then 
(M',7') is also balanced. 

We now work through two examples of product decomposition, which we later use to compute 
the sutured Floer homology of a connected sum; see Section [431 Both of the ideas behinds these 
examples were described by Juhasz in proving Proposition 9.14 and 9.15 [Ju06j. 

Example 4.11. In this example we find a product disk D in S 1 x S 2 (l) and show that 

S 1 x S 2 {1) ^ D S 3 (2). 

We can choose a ball B\ C S 1 x S 2 such that for some point p C S 1 the intersection B\ n {p} x S 2 
is a disk Z?i. Remove -Bi and put a suture si C dB\ so that si fl dD\ consists of two points; see 
Figured] (left). Clearly, there is a disk D such that D\JD\ = {p} x S 2 and D is a product disk 
in S 1 x S 2 — B\ by construction. Decomposing along D is topologically equivalent to cutting 
S 1 x S 2 along {p} x S 12 , which leaves [0, 1] x S 2 with one suture on each of the boundary balls 
{0,1} x S 2 ; see Figured] (right). 





Figure 6. Left: removing B\ from S 1 x S 2 leaves S 1 x S 2 (l) and product disk 
D; Di U D = {p} x S 2 . Right: decomposition S 1 x 5 2 -^ D S 3 (2) with the two 
new sutures, one on each of the spheres. 



Example 4.12. We use a similar idea to show that 

(M, 7 )#y^(M, 7 )#y(i). 

Specifically, using a finger move, push a part of the boundary of M containing a suture into the 
connect sum sphere; see Figure [7] (left). This leaves a product disk D as depicted, such that 
decomposing along D disconnects the manifold into two components (M, 7) and Y(l) Figure [7] 
(right). Similarly, if Y is replaced by a sutured manifold (N, v) we have 



(M, 7 )#(iV, z ,)^(M,7)#iV(l), 



where N(l) = (N,i;)#S 3 (l). 



As we discuss later (Section I4.5P product decompositions do not change the sutured Floer 
homology; that is, SFH(M,"f) = SFH(M' ,7'), which means that they are a very good tool 
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Figure 7. The decomposition (M,j)#Y ~+ D (M,7)UF(1). The manifold M is 
depicted as being on the "outside" (i.e. containing the point at infinity), pushed 
into the connect sum sphere S, and decomposed along D. 

for simplifying the original manifold in the hope of obtaining something for which the sutured 
Floer homology is more easily computed. 

Lastly, each taut sutured manifold (that is not a rational homology sphere containing no 
essential tori) admits a series of decompositions ending in a product manifolds; this is a theorem 
of Gabai, see Theorem 14.331 

Definition 4.13. A sutured manifold hierarchy is a sequence of decompositions along surfaces 

(M , 7 o) ^ Sl (M 1)7l ) ^ Sa > s " (M n , 7n ), 

where (M n , j n ) is a product sutured manifold. The number n is called the depth of the hierarchy. 

Define the depth of a sutured manifold (M, 7) to be the minimum depth over all sutured 
hierarchies of (M, 7). 

4.2. Sutured Heegaard diagrams. In this section we define sutured (Heegaard) diagrams 
(£, a, (3), and explain the necessary restrictions on the diagrams in order for the Floer machinery 
to work (see Figure [8]). For example, unlike the Heegaard diagrams of closed 3-manifolds, a 
general sutured diagram does not necessarily have the same number of a and j3 curves. So an 
obvious example of a Floer theoretic restriction is that the number of a and f3 curves must be 
the same so that the T a and T3 are of the same dimension. This, and other natural conditions, 
lead to the definition of what Juhasz called balanced sutured manifolds in Definition 14.31 
Without loss of generality we may assume that M is connected. 

Definition 4.14 (Jintro, Def. 2.7). A sutured Heegaard diagram is a tuple (Ti,a,/3), where £ is 
a compact oriented surface with boundary and a = {or, . . . , a m } and j3 = {/3i, . . . , f3 n } are two 
sets of pairwise disjoint simple closed curves in Int(S). 

Remark that since we are assuming that M is connected, this means that £ is connected as 
well. Hence if dM ^ 0, then H 2 (T,) = 0. 



16 



IRIDA ALTMAN 



Any given sutured Heegaard diagram (E, a, (3) defines a sutured manifold (M, 7) using the 
following construction. Take the product manifold Ex/ and attach 3-dimensional 2-handles 
along the curves Oj x {0} and j3j x {1} for i = 1, . . . , m and j = 1, . . . , n. Smoothing the corners 
we obtain a three-manifold with boundary M, and with sutures 5(7) = <9E x {1/2}. Actually 
the converse is also true: given a sutured manifold (with a certain small restriction) we can find 
such a sutured Heegaard diagram defining it, see Lemma 14.191 for details. 

However, in order for use the Floer machinery to construct a homology group from a sutured 
Heegaard diagram defining a sutured manifold (M, 7), we need that \a\ = \(3\ and that a and 
(3 are each linearly independent in i^i(E;Q), so that the tori T a and T^ are well-defined and 
the Lagrangian Floer construction can be applied. 

For now consider the following definition of a balanced diagram. 

Definition 4.15 (Jintro, Def. 2.11). A sutured Heegaard diagram (E,a,/3) is called balanced if 
\a\ = \(3\ and the maps 7To(<9E) — > 7ro(E — [jo.) and 7To(<9S) — )• 7To(E — \J/3) are surjective. 

Conditions on (E,o:,/3),(9E ^ 0, for doing Floer homology 



a\ = \/3\ 



each set a,/3 is lin. independent in -ffi(E; 

<£>(see Lemma 14. 1611 

7To(<9E) -» 7ro(5] — a) and 7To(9S) ^> 7ro(S — /3) 

/\ 

<^>(soe Lemma 14. 161 1 

R+ij) and R-i^) have no closed components 

<£>by definition 

7T (A(7)) - vr (5M) 



definition of balanced sutured manifold 




<^4-(see Lemma l4.17H 



x(R+h)) = x(R-h)) 



Figure 8. Why a sutured manifold has to be balanced before we can use the 
construction of Heegaard Floer homology. 



Lemma 4.16. Let (S,o;,/3) be a sutured diagram. Then the following statements are equivalent 

(i) The elements of a are linearly independent in Hi(T,;Q). 
(ii) 7Tn,(<9£) — >• vro(S — |J a) is surjective. 
(iii) R+ij) has no closed components. 

An analogous list of equivalent statements can be made for (3. 

Proof, (i) ■& (ii) All homology groups in this proof are taken with rational coefficients. Let A 
denote the union of all the curves in ex. 

Consider the embedding i: A M- X; the components of A are linearly independent if and only 
if the induced map on homology i* : Hi(A) — > Hi(E) is injective, that is, if Ker^*) = 0. Next, 
the part of the long exact sequence of the pair (E, A) given by 



-S- if 2 (E) -»• #2(E, A) ->■ fli(A) ^ Fi(E) 
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implies that H 2 (£,j4) = H 2 (E) © Ker(f*). Since we assumed £ to be connected and have 
boundary, U 2 (£) = 0. 

By excision H 2 (E, N(A)) = # 2 (£ - Int(iV(A)), 01V(4)). The left-hand side is just # 2 (£, A), 
and the right-hand side splits as a direct sum of homology groups of the form 

H 2 (C,dN(A)nC), (26) 

where C runs over the components of £ — Int(iV(A)). Thus, H 2 (£, .A) = if and only if each of 
the homology groups in (|26p is zero, if and only if each C contains a boundary component of E. 
This last statement is equivalent to saying that 7ro(9E) — >• 7To(E — A) is surjective. 

(it) 44> (Hi) Since 12+ (7) is obtained from E by performing surgery on the attaching A curves, 
it follows that the components of 12+ (7) naturally correspond to components of E — A. Thus, 
components of 12+ (7) have nonempty boundary if and only if the corresponding component of 
E — A contains a component of <9£. The statement follows. □ 

Lemma 4.17. Let (£, a,/3) be a sutured diagram defining a sutured manifold (M, 7). Then 

\a\ = |/3| if and only if x{R+(l)) = x{R-(l))- 

Proof. First consider the relationship between 12+ (7) and E: a 2-handle D 2 x [0, 1] is attached to 
each a curve on E falong dD 2 x {1/2}, so 12+ (7) consists of E minus a neighbourhood of each a 
curve union D 2 x {0, 1} of each 2-handle. In other words, 12+(7) is the result of doing surgeries 
on E along the a curves, so x(R+(l)) = x(^) + 2|ck| and similarly %(12_(7)) = x(^0 + 2|/3|. 
Thus x(-M7)) = X(R+(T)) if and only if \a\ = \(3\. D 

The two lemmas together give the following proposition. 

Proposition 4.18. Let (£,o:,/3) be a sutured diagram of a sutured manifold (M, 7). Then 
(£,a,/3) is balanced if and only if (M, 7) is balanced. 

We can also find a sutured diagram defining a sutured manifold. 

Lemma 4.19. [Ju06l Prop. 2.13] Let (M, 7) be a sutured manifold for which the maps 
7To(12+(7)) — > ttq(M) and 7To(12_(7)) — > vro(M) are surjective. Then there exists a sutured 
Heegaard diagram (£,a, /?). 

Proof. Following the closed case (see Section I3.ip , the idea is to construct a self- indexing Morse 
function with no index and no index 3 critical points. Then the construction proceeds as 
before. 

The restrictions on ttq imply that 710(^.(7)) — > iro(dM) is surjective and T{^/) = 0. As each 
element of ^.(7) is an annulus, choose a diffeomorphism 0: ^(7) — > [—1,4] so that 5(7) = 
0- 1 (3/2). Define f:8M^ [-1,4] be given by f\ A{l) := 0, f\ R _ {l) := -1 and f\ R+M := 4. 
Take an extension of / to the interior of M: generically / is Morse. Also, as before, we can 
assume that / is self-indexing on the interior of M ( [Mi651 Thm. 4.8]). 

It remains to show that / can be perturbed in the interior of M, so that the new function 
/': M — >■ [—1,4] is has no index and no index 3 critical points, and f'\dM = f\dM- This 
is done in Theorem 8.1 [Mi65] by appropriately pairing up critical points, applying Smale's 
cancellation lemma, and then modifying / in the neighbourhood of the cancellation. Let x be 
an index critical point. We can consider x to be a generator of Cq(M, 12_(7);Z 2 ). But since 
l?o(12_(7);Z 2 ) — > Hq(M;Z2) is surjective, Hq(M, 12_(7);Z 2 ) = 0. Thus, thinking in terms of 
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cellular homology, we know that there exists a index 1 critical point y, such that dy = x. Since y 
is of index 1, this means that are at most two flow lines flowing from y, and hence there must be 
exactly one flow line connecting x and y. Smale's cancellation lemma says that we can perturb 
/ in the neighbourhood of this flow line so that the new function has no critical points in that 
neighbourhood. We can pair up every critical point of index with a critical point of index 1, 
and similarly every critical point of index 3 and with a critical point of index 2. Therefore, we 
obtain a Morse function /' as desired. □ 

Note that conversely, given a sutured Heegaard diagram (E,a,/3), we can always construct a 
self-indexing Morse function as described in Lemma 14.191 

Lastly, it remains to determine when two diagrams define the same manifold. As in the closed 
case, the equivalence classes arise from the relation on manifolds given by Heegaard moves. 

Proposition 4.20. Two balanced diagrams (E,ct,/3) and (£', a',/3) define the same balanced 
sutured manifold (M, 7) if and only if the diagrams are connected by a sequence of Heegaard 
moves. 

It is clear that if two diagrams are related by a sequence of Heegaard moves, then they define 
the same manifold. Indeed, recall that these Heegaard moves are isotopies, handle-slides and 
(de)stabilisations: the attaching procedure is isotopy invariant; handle-slides do not effect the 
homotopy type of the resulting manifold, and stabilisations amount to a connected sum with a 
3-ball. 

Juhasz proves the other direction of the proposition by generalising the method of Ozsvath- 
Szabo in the closed case |Ju061 Prop. 2.15]. The general idea behind the proof is as follows. Take 
two diagrams (Eo,ao,/3o) an< ^ (^i' Q i>/^i) defining the same (M, 7) and constructed using the 
self-indexing Morse functions /o an d /1 as in the proof of Lemma [4. 191 Fix a Riemannian metric 
on M. Then a generic path / in the space of all smooth real-valued functions on M connecting 
/o and /1 is such that for all t € I — E, where E is a finite set, ft is Morse-Smale. In other 
words, away from a set E, ft is Morse with gradient flow lines flowing only from larger to strictly 
smaller index critical points. We can assume that ft remains unchanged on a neighbourhood of 
dM. Thus, those ft define sutured diagrams (Et, at, fit) 0I " ^, where at and /3 t are intersections 
of St with the ascending and descending manifolds of the index one and index two critical points 
of ft, respectively. Now we can study how ft changes when it passes through a point e G E, 
and this leads to the conclusion that, for a small e > 0, the diagrams (E e _ e , Q e _ e ,/3 e _ (E ) and 
(E e+e , a e + e , /3 e+e ) differ by a Heegaard move. 

4.3. Sutured Floer homology. In this section we summarise the differences between the 
Floer setting for closed manifolds and for sutured manifolds, and then define the sutured Floer 
complex. It is helpful if the reader is familiar with Section [3l but we define all the terms here 
again. 

The domains of a balanced sutured diagram (E, a,/3) are defined similarly to those of a 
Heegaard diagram: denote by D\, . . . , D m the closures of the components of 
E := E — \J 9 i=1 a,i — U 9 j =1 f3j disjoint from 9E. Choose a point z^ in the interior of each D^- 
Then 

m 
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where n Zk is the algebraic intersection number of a Whitney disk u representing <p and the 
hypersurface V z := {zk} X Sym ff_ (X), as before. 

Remark 4.21. In general, we could also pick a point z in a component X of £ with <91f n<9E ^ 0. 
In that case also n z {u) does not depend on the choice of point z in K, so we may choose z to lie 
on <9E. But we can always homotope u away from dSym (£) so that n z (u) = 0. Therefore, in 
the definition of domains we do not need to worry about such components K of £ and we can 
use all of the Floer machinery developed for closed Heegaard diagrams. 

A domain V is 'periodic if the boundary of the 2-chain is a sum of a- and /3-curves. A balanced 
diagram (S,q,/3) is admissible if every periodic domain P/0 has both positive and negative 
coefficients. Juhasz showed that every balanced diagram is isotopic to an admissible one |Ju06[ 
Prop. 3.15]. The idea is to isotope one set of curves, say the j3 curves, using finger moves along a 
set of curves generating -ffi(X, <9£). Carefully chosen curves and finger moves result in a diagram 
where all periodic domains have both positive and negative coefficients. 

Definition 4.22. Let (Ti,a,j3) an admissible balanced diagram defining a balanced sutured 
manifold (M, 7). Then define CF(E, <x,(3) to be the free abelian group generated by the points 
of the intersection T a H T^: 

CF#(E,a,/3):= Z 2 (x). 

Define an endomorphism d: CF(T,,a,f3) — > CF(T,,a,f3) in the following way: for a point 
xGT a nT^, let 

dx:= Yl ( E # 2 A?(x,y)J • y. (27) 

ygLiflLa \{0era(x,y)|/x(0)=l} / 

We continue to work with Z2 coefficients because we have not discussed the matter of being 
able to choose coherent system of orientations, but as with Heegaard Floer homology, this can 
be done in the case of sutured Floer homology as well; see Remark 12.111 

Recall that in order to prove that (CFH(E,a,(3),d) is indeed a chain complex we need to 
show the following two statements hold. 

(i) There are at most finitely many elements in the set {<p € ^(x, y) | //(</>) = 1} for every 

x, y G T a n Tg. This proves that d is well-defined, 
(ii) If fj,((fi) = 1 or /u((/>) = 2 and (u n )„ e N ^ A4(x, y;0), then there are no singular points 
(that is, no bubbling). This proves that d 2 = 0. 

Indeed, for an admissible balanced diagram (£, a, (3) the set of domains over which we sum to 
obtain the differential is finite. We can use the same proof as in Theorem 13.161 with appropriate 
simplifications (such as n z = is automatic). So the set is finite, and d is well-defined. 

As for bubbling, disk bubbles are excluded by a slight modification of the final argument of 
Lemma 13.201 Namely, if there exists a disk bubble with boundary in T a and with an interior 
point mapping into some domain D, then by homotopy invariance of n z , the projection of the 
disk onto S has to be a surface. But the a curves are linearly independent, so no subset of the a 
curves can bound a subsurface of S. Contradiction. Sphere bubbles are excluded because S has 
no closed components and the domain of the sphere is a 2-cycle. Therefore, d 2 is well-defined. 
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Theorem 4.23. The sutured Floer homology SFH(M, 7) of a balanced sutured manifold (M, 7) 
is defined to be the homology of the chain complex (CFH(Y,,a,/3),d), where (£,ai,/3) is an 
admissible diagram for (M, 7) . 

Juhasz shows the invariance of various (other) choices using the same proofs as in the Heegard 
Floer homology setting for closed manifolds. 

As in the case of Heegaard Floer homology, the chain complex decomposes along an equivalent 
notion of Spin c structures, called relative Spin c structures of (M, 7). We discuss them in detail 
in the following section, but for not note that for each relative Spin c structure s G Spin c (M, 7) 
there is a well-defined abelian group SFH(M, j,s), and the direct sum of these groups is the 
total sutured Floer homology of (M, 7): 

SFH(M, 7 ):= SFH(M, 7 , 5 ). 

seSpin c (Af,7) 

As before, the differential lowers the grading by one 

d: CFH(M,-f,s)* -► CFiI(M,7,5)*_i. 

By Remark 13.191 SFH(M, / j,s) can always be graded modulo the minimal Chern number f(s), 
where 

D(s):= gcd (ci(s),0- 

So for some x,y such that s(x) = s(y), and (f>, ifi G 7T2(x,y), 

ix((j)) = n(ip) mod t)(s). 

In particular, as before, there is always a relative Z2 grading of SFH(M,j,s). What we have 
said so far explains why sutured Floer homology may be summarised in the introductory section 
of a paper by saying something like: 'Sutured Floer homology associates to a given balanced 
sutured manifold (M, 7) a finitely-generated bigraded abelian group denoted by SFH(M,^f), 
where one grading is given by the decomposition along relative Spin c structures of (M, 7), and 
the other is a relative Z2 grading'. 

4.4. Relative Spin c structures. In this section we describe relative Spin c structures of a su- 
tured manifold (M, 7). Like in the closed case, our particular topological definition originates 
from Turaev's work [Tu90j. Our current phrasing comes from [Ju06| . Unlike before, we now 
need to describe what restrictions we make on the vector fields on the boundary of M. For 
proofs we refer to Juhasz's papers |Ju06l Uu08a| and [JulOaj . 

Fix a Riemannian metric on (M, 7). Let vq denote a nonsingular vector field on dM that 
points into M on R-i'y) and out of M on R + ( r f), and that is equal to the gradient of a height 
function 5(7) x / — >• / on 7. The space of such vector fields is contractible. 

A relative Spin c structure is defined to be a homology class of vector fields v on M such 
that v\dM is equal to vq. Here two vector fields v and w are said to be homologous if there 
exists an open ball B C Int(M) such that v and w are homotopic through nonsingular vector 
fields on M — B relative to the boundary. There is a free and transitive action of H\(M) = 
H 2 (M,dM) on Spin c (M, 7) given by Reeb turbularization lTu90, p. 639]. This action makes 
the set Spin c (M, 7) into an i?i(M)-torsor. From now on, we refer to a map 1: Spin c (M, 7) — >■ 
H\{M) as an identification of the two sets if 1 is an i/i(M)-equivariant bijection. Note that t is 
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completely defined by which element s G Spin c (M, 7) it sends to G H\(M) (or any other fixed 
element of H 1 (M)). 

At this point, as before, we can define 01(5) G H 2 (M), the Chern class of 5, to be the 
first Chern class of the perpendicular two-plane field v —> M. Equivalently, c\ (s) is the first 
obstruction to v 1 - being a trivial bundle over M. This c\{s) is used in the definition of the 
relative Z/0(s) grading of each SFH{M,^,s) in Section H~3l 

The perpendicular two-plane field Vq is trivial on dM if and only if (M, 7) is strongly balanced 
[Ju08a, Prop. 3.4]. Suppose that (M, 7) is strongly balanced. Define T(M, 7) to be the set 
of trivialisations of Vq. Let t G T(M, 7). Then there is a map dependent on the choice of 
trivialisation, 

ci(-,t): Spin c (M, 7) ^ H 2 (M,dM), 

where ci(s, t) is defined to be the relative Euler class of the vector bundle v 1 - — > M with respect 
to a partial section coming from a trivialisation t. So ci(s, t) is the first obstruction to extending 
the trivialisation t of Vq to a trivialisation of v 1 - . Here u is a vector field on M representing the 
homology class s. 

Remark 4.24. Consider for a moment the following segment of the long exact sequence of the 
pair (M,dM): 

► H l {dM) A H 2 (M, 8M) ^ H 2 (M) ^ H 2 (8M) -> • • • 

Fix 5 G Spin c (M, 7) and let v be a vector field representing s. Then by the naturality of Chern 
classes we have i*(ci(v L )) = c\(vq). Suppose Vq is trivial, then ci(w _L ) G Ker i*. Moreover, since 
Vq is trivial we can define the relative Chern class ci(s,t) G H 2 (M,dM) for some trivialisation 
t, which can be thought of as an element of H 1 (dM). Again by naturality, we have p*(c\(s, £)) = 
ci(s). 

Moreover, Lemma 3.12 [JulOaj says that for s G Spin c (M, 7) and t%,t2 G T(M, 7), we have 

ci(s,ti) -ci($,t 2 ) = d(ti -t 2 ). 

So indeed, p*(ci(s,ti) — 01(5,^2)) = P* ° d{ti — t 2 ) = 0, which confirms that p*(ci(s, t±)) = 

p*(c 1 (5,t 2 ))€H 2 (M). 



A related concept to ci(-,t) is the geometric quantity c(S,t) associated to an oriented decom- 
posing surface S in (M, 7) [JulOaj Def. 3.16]. This invariant gives rise to the sutured Floer norm 
that is directly related to the sutured Floer polytope; we discuss this matter in detail in Section 
14.91 The definition of c(S, t) says that it is a sum of three geometric quantities: 

c(S,t):= X (S) + I(S)-r(S,t), (28) 

where x(S) is the Euler characteristic, and we explain the remaining two quantities in the 
following paragraphs. 

Any generic oriented decomposing surface S is such that the positive unit normal field vg of 
S is nowhere parallel to vo along dS. Denote the components of OS by Ti, . . . , T^; each of the 
components has an orientation coming from the orientation of S. Let wq denote the nowhere 
zero vector field obtained by projecting vq into TS. Further, let e be the positive unit tangent 
vector field of dS. For 1 < i < k, define the index I(Tj) to be the (signed) number of times wq 
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rotates with respect to e as we go around T». Then set 

k 
i=l 

Next, let p(vs) be the projection of us into Vq. Observe that p{vs)\ds is nowhere zero. For 
1 < i < k define r(Ti,t) to be the number of times p(i's)\dT i rotates with respect to r as we go 
around Tj. Then set 

k 

r(S,t) :=Y,r{Ti,t). 

i=l 

Continuing with the same notation, we have the following very useful lemma. We denote by 
Os the subset of Spin c structures s for which there is a unit vector field v on M whose homology 
class is s and v p ^ (—us) p f° r every p € S; for a more detailed definition see Definition 14.301 

Lemma 4.25. [Ju08al Lem. 3.10] Let (M, 7) be a strongly balanced sutured manifold. Let t be a 
trivialisation of Vq , lets £ Spin c (M, 7), and let S be a decomposing surface in (M, 7) as above. 
Then 5 € Os if and only if 

(ci(s,t)[Tj]) = c(Ti,t) for every 1 < i < k. 

In particular, summing both sides over 1 < i < k we have that if 5 € Os, then 

( Cl (s,t)[S})=c(S,t). 

4.5. Basic properties. In this section we exhibit some basic properties of suture Floer homol- 
ogy, and how it relates to HF and HFK. 

4.5.1. Product manifolds. Consider the case of the product sutured manifold (M, 7): let R be 
a compact oriented surface with no closed components, then (M, 7) := {R x I,dR x /) with 
s(7) := dR x {1/2}. It is easy to show that SFH(M,j) = Z [JuM Prop. 9.4]. In particular, 
take the balanced sutured diagram (R, 0,0) that defines (M, 7), and is certainly admissible as 
H2{M) = 0. Clearly, CF(R, 0,0) = Z, since it has a single generator consisting of a point. A 
very important result is that the converse is also true: namely, if SFH(M, 7) = Z, then (M, 7) 
is a product manifold; see Corollary 14.371 

4.5.2. Product decompositions. Further, we consider an important computational tool: the su- 
tured Floer homology of a manifold remains unchanged under product decompositions. In 
particular, if (M,y) ^ D (M' ',7') is product decomposition, then SFH(M,^) = SFH(M',i) 
|Ju061 Lemma 9.13]. To see this consider the following sutured diagram of (M, 7) particularly 
suitable for decomposing along D. 

Take a closed neighbourhood N(D) of D and choose a diffeomorphism t: N(D) — > [— 1,4] 3 
that maps D to {3/2} x [-1,4] 2 and sends s(^)r\N(D) to [-1,4] x <9[-l,4] x {3/2}; see Figure 

m 

Denote by p%: [— 1,4] 3 — > [—1,4] the projection onto the third factor. Then we can extend 
P3 o t to a Morse function / : M — > M. as described in Lemma 14.191 Note that / has no critical 
points in N(D) and that D can be seen as a union of flow lines of — V(/) from -R-(7) to i?+(7). 
As before, / defines a sutured diagram (S,a,/3), where / _1 (3/2) = S. 

Cut S along the arc 5 = D n X to get a surface £'. Since 5 is disjoint from a U /3, we get a 
new diagram (E',q,/3) defining (M',7'). If necessary, using finger moves (see paragraph after 
Remark l4.21|) . we can isotope /3 into j3' on £' to make (S',o:,/3') an admissible diagram. 
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Figure 9. A parametrisation t: N(D) — >• [— 1,4] 3 of a neighbourhood of the 
product disk D. 



Note that since 5 is disjoint from a U/3, it is contained in a single domain that has boundary 
components in <9E. Therefore, every domain T> € D(Ti,a,(3), including the periodic domains, 
has multiplicity zero in the domain containing 5. Therefore, any periodic domain V ^ in 
-D(E, a, f3') corresponds to a periodic domain in D(E', a, (3'), so it has both positive and negative 
multiplicities. Thus, both (E,ct,/3') and (E', ex, (3) are admissible, and moreover, the chain 
complexes CF(T,,a,f3') and CF(T,',a,(3') are isomorphic as any domain T> £ D(T,,a,(3) has 
zero multiplicity in the domain containing 5. 



4.5.3. Closed manifolds. Let Y be a closed, connected oriented 3-manifold, and let B\, . . . ,B n 
be n pairwise disjoint 3-balls in the interior of Y . Then we can make M := Y — Ufc=i I n t(-£>i) 
into a balanced sutured manifold by choosing the sutured to be oriented simple closed curves 
Si C dB % for all i. Of course, 7 := \J* =l N(si). Then SFH(Y(1)) = HF{Y) [JuTM Prop. 9.1]. 
Indeed, if (E, a, f3, z) is an admissible Heegaard diagram for Y, then for a small neighbourhood 
U of z in S, we let S' := E — C7 and then (E', a, /3) is an admissible balanced sutured diagram 
defining 1^(1). 

Moreover, in general, for any n € N in [Ju06[ Prop. 9.14] Juhasz showed that 

SFH(X(n),i) = HF(Y)(g)(g)Z 2 . (29) 

n-l 



The proof is by induction on n. We have just seen that Equation (|29p holds for n = 1; assume 
it is true for n — 1 > 1. There are three main ingredients to the proof: (1) the fact that there 
exists a product disk D so that Y(n - 1)#(5 X x S 2 ) ~» y(n), (2) the fact that HF(Y#X) = 
HF{Y)®HF{X) for X a closed 3-manifold, and (3) the fact that HF(S l x S 2 ) = 1? . The latter 
two points are standard facts from Heegaard Floer homology (see |OS04b] ). and (1) we justified 
in Example 14. Ill Putting (l)-(3) together, with X = S 1 x S 2 , and assuming the induction 
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hypothesis for n — 1, we have 

SFH(Y(n)) ( = } SFH {(Y^S 1 x S 2 )){n - 1)) 

= HF(Y#(S 1 xS 2 ))<g>(g)Z 2 

n-2 

( =' #F(y) <g> ^(s 1 x s 2 ) <g> (g) : 

n-2 
(3) 



fl-F(y) & 

71-1 

Here the second equality uses the induction hypothesis. This completes the proof of Equation 

422). 

Note that Equation (|29p make sense as a generalisation of the n = \ case, because if we take 
(M,7) =y(l), we have 

SFH(M,j) = SFH(Y(1)) = HF(Y) 

as we have shown before using a sutured diagram argument. 

4.5.4. Connected sum. Given two balanced sutured manifolds (M, 7) and (N,v) and a closed 
oriented 3-manifold, the following holds |Ju06[ Prop. 9.15]: 

SFH((M, 7)#(iV, v)) = SFH(M, 7) <g> SFH(N, u) ® Z 2 , (30) 

SFH{M#Y, 7) = SFH(M, 7) ® Hf(F). (31) 

The key to proving Equations ([30]) and (f3Tj) is to note that there are product decompositions 
(as explained in Example 14. 12[) : 

(M, 7 )#(A^)- D (M, 7 )L|iV(l), 

(M#y 7 )- D (M,7)L|y(i). 

Here N(l) = (N,v)#S 3 (l). Again, from Examples 14. Ill and 14. 121 we have that 

N(l)^ D (N,v)\JS 3 (2), 

S 1 x S 2 ^ D S 3 {2). 

Therefore, taking all of these product decompositions, together with the fact that product 
decompositions leave the sutured Floer homology unchanged, we have 

SFH ((M, 7)#(iV, v)) = SFH(M, 7) ® SFH (JV(1)) 

= SFH(M, 7) ® SFH{N, v) ® SFF (S 3 (2)) , 

and 

SFH(M#Y, 7) = SFH(M, 7) ® SFF (y(l)) ® #F(y) 

= 5F^(M, 7 )®FF(y). 

From the above it follows |Ju061 Cor. 9.16] that for (M, 7) a connected balanced sutured manifold 
and n > 1 we have 

M(n) = (M, 7 ))#„,(5 3 (l)). 
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In particular, Equation (|30p implies that 

SFH{M(n)) = SFH(M,*y) ® SFH(S 3 (1)) ® (g) Z 2 = SFH(M^)®l? n . (32) 

To summarise: for a closed manifold Y and a sutured manifold (M, 7) we have 

SFH(Y{n)) = HF(Y) <g> Z 2 " _ \ 

SFH(M{n)) = SFH(M,-f)®Z 2n . 

4.5.5. Knot complements. Lastly, we explain why sutured Floer homology can be thought of as 
generalising HFK. 

Proposition 4.26. [Ju061 Prop. 9.2] Let K be a knot in a closed connected oriented 3-manifold 
Y , then 

HFK(Y,K) 9* SFH(Y(K)). 

Proof. Let (E,a,/3) be an admissible diagram for Y. Further, let (E, a, /3, w, z) be a diagram 
for K in Y. Then remove an open neighbourhood of the points w and z from E to obtain a 
surface E' with boundary. The diagram (E, a, (3) is now a balanced sutured diagram defining 
Y{K). From the definitions of both homology theories it follows that the two chain complexes 
are isomorphic; see Section T3.6I for the construction of HFK(Y, K). □ 

4.6. Well-behaved surfaces. The result of decomposition along some surfaces can be de- 
scribed more easily than along others. In this section, we summarise the different types of 
surfaces, groomed, well-groomed, and nice, as well as how sutured Floer homology behaves un- 
der decomposition along nice surfaces [Ju08a] . This behaviour plays a crucial role in Section I4T71 
where we present more advanced results. 

Two parallel curves or arcs Ai and A2 in a surface S are said to be coherently oriented if 
[X 1 ] = [\ 2 }eH 1 (S,dS). 

Definition 4.27. [Ga87a, Def. 0.2] If (M, 7) is a balanced sutured manifold, then a surface 
decomposition (M, 7) ~^ s (Af', 7') is called groomed if for each component V of #(7) one of the 
following is true: 

(i) S PI V is a union of parallel, coherently oriented, non-separating closed curves, 
(ii) SnV is a union of arcs such that for each component 6 of dV we have |<5n9£| = | (S, dS) \ . 

A groomed surface is called well-groomed if for each component V of R("f) it holds that S fl V 
is a union of parallel, coherently oriented, non-separating closed curves or arcs. 

In order to define a nice surface, we need the following definition. A curve C is boundary- 
coherent in a surface R, if either [C] 7^ in H\(R; Z), or [C] = in H\(R; Z) and C is oriented 
as the boundary of the component of R — C that is disjoint from dR. 

Definition 4.28. [JulOal Def. 3.22] A decomposing surface S in (M, 7) is called nice if S is open, 
vq is nowhere parallel to the normal vector field of S, and for each component V of ^(7) the set 
of closed components of S D V consists of parallel, coherently oriented, and boundary-coherent 
simple closed curves. 

Remark 4.29. An important observation is that any open and groomed surface can be made 
into a nice surface by a small perturbation which places its boundary into a generic position. 
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Definition 4.30. [Ju08a, Def. 1.1] Let (M, 7) be a balanced sutured manifold and let (S, dS) C 
(M, dM) be a properly embedded oriented surface. An element s 6 Spin c (M, 7) is called outer 
with respect to S if there is a unit vector field v on M whose homology class is s and v p 7^ (— vs)p 
for every p £ 5. Here ^5 is the unit normal vector field of S 1 with respect to some Riemannian 
metric on M. Let Os denote the set of outer Spin c structures. 

Given a surface decomposition, we can understand the relationship between the sutured Floer 
homology groups of the starting and resulting manifold in terms of the Spin c structures of the 
starting manifold. 

Theorem 4.31. [Ju08al Thm. 1.3] Let (M, 7) be a balanced sutured manifold and let (M, 7) -w 
(M',7') be a sutured manifold decomposition along a nice surface S. Then 

SFH(M',i) = SFH{M,~f). 
s£O s 

In particular, if Os contains a single Spin c structure 5 such that SFH(M, 7) 7^ ; then 

SFH(M',j') = SFH(M,j,5). 

The proof is constructive; we give an outline, but for details see the complete proof [Ju08a, 
p. 331]. A key lemma is ( |Ju08at Lem. 5.5]). Juhasz defines a balanced diagram adapted to 
a decomposing surface S in (M, 7) as a quadruple (S, ct,/3,P), where (S,q,/3) is a balanced 
diagram of (M, 7) and P is a subsurface of X satisfying a set of conditions that make it possible 
to easily reconstruct S C M from P C £ ( |Ju08a[ Def. 4.3]). Then Op is defined to be the 
subset of intersection points x £ T„ n T^ that are outer with respect to P, that is, x € Op 
if and only if x fl P = 0. We are justified in called these intersection points outer, because it 
can be showed that x E Op if and only if s(x) € Os- Cutting along S gives a way to produce 
an admissible balanced diagram (T,',a',(3') for (M',7') from the diagram (E, a,/3, P), and in 
particular Juhasz shows that there is a bijection between T a i flTg/ and Op. This completes the 
proof. 

We briefly discuss what happens when [S] = 0. The resulting manifold of such decomposition 
has the same sutured Floer homology as the starting manifold. 

Corollary 4.32. [Ju08a, Prop. 8.6] Let (M, 7) be a balanced sutured manifold. Suppose that 
(M, 7) •w 5 (M',7') is a decomposition where S is nice, [S] = € H2(M,dM), and (M',7') is 
taut. Then S separates (M, 7) mto two parts (Mi, 71) and (M2,72) and the following holds over 
any field: 

SFH(M,~f) = SFH(M',j') = 5FF(Mi, 7l ) <g> SFH(M 2 ,-/ 2 )- 

For details see the proof on page 333 of the original reference [ Ju08a] . Juhasz presents two 
proofs: one using the same language and techniques of adapted surface diagrams, and a shorter, 
quicker one using Theorem 14.311 and Theorem 14.341 We give the latter here, although it does 
use material we are yet to discuss. 

As (M',7') is taut, Theorem l4~34l savs that SFH{M',i) / 0. Then Theorem IPH savs 
that Os 7^ 0, so specifically, there exists So € Os- Fix a trivialisation t of Vq . By Lemma 
14.251 (ci(so, t), [S]) = c(S,t). Since [S] = 0, clearly c(S,t) = as well. But also, for any 
s G Spin c (M, 7) we have (ci(s,£), [S]} = 0, which implies that s G Os- Thus by Theorem 14.311 
SFH(M,-/) = SFH(M\i). 
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4.7. Various results. In this section we exhibit a selection of Juhasz's results such as the 
implication of the rank of sutured Floer homology of a manifold for its topology, the relation of 
sutured Floer homology of Seifert surface complements and knot Floer homology, as well as the 
sutured Floer homology of a solid torus with toroidal knots as sutures. 

4.7.1. Rank of SFH(M,j). Here we show that if a balanced sutured manifold is taut, then it 
makes sense to talk about its sutured Floer homology, because it is non-trivial. An important 
part of the proof is the following theorem of Gabai. 

Theorem 4.33. |Ga831 Thm. 4.2] Let (M, 7) be a connected taut sutured manifold, where M 
contains essential tori if it is a rational homology sphere. Then (M, 7) has a sutured manifold 
hierarchy 

(M 0) 7b) ^ Sl (M 1)71 ) ^ S2 > s " (M n , 7n ), 

such that each Si is connected and well-groomed, and such that if 3Mj_i 7^ 0, then SiDdM^i ^ 
0. 

We can now prove the nontriviality result of sutured Floer homology, by applying Theorem 
14.311 together with the existence of a sutured hierarchy along manifolds that can be perturbed 
to be nice. 

Theorem 4.34. |Ju08a[ Thm. 1.4] Let (M, 7) be a balanced sutured manifold that is taut. Then 

SFH(M,j) >Z. 

Proof. Every sutured manifold has a sutured hierarchy as described in Theorem 14.331 By def- 
inition of balanced sutured manifold dM 7^ 0, so every well-groomed surface Si can be made 
into a nice surface as described in Remark 14.291 Then we may apply Theorem 14. 31| to say that 

SFH(M h7i ) < SFHiMi-irfi-!), 

where the notation '<' refers to the fact that one group is a summand of another. Lastly, since 
(M n ,7„) is a product manifold, from Section [4.5.11 we know that SFH(M n ,^ n ) = Z, so clearly 
SFH(M, 7) > Z. □ 

Remark 4.35. Note that as a contrast, if (M, 7) is an irreducible balanced sutured manifold, 
but is not taut, then SFH(M,j) = [Ju06l Prop. 9.18] (the proof is due to Yi Ni). 

Proposition 4.36. [JulOat Prop. 7.6] Let (M, 7) be a taut, balanced sutured manifold such that 
H 2 (M) = and rank SFH(M, 7) < 2 k+1 for k>0. Then 

d(M,7) < 2k, 

where d(M, 7) denotes the depth of the sutured manifold. 

Recall that the depth is the minimum number of surfaces that form a sutured hierarchy of 
(M,7) (Definition HUSH. 

A very important property of sutured Floer homology is that it detects the product sutured 
manifold, and this comes as a consequence of Proposition 14.361 (Initially this result was proved 
in |Ju08al Thm. 9.7], but due to a gap in one of the cited works of Ni, it did not quite hold. 
Thereafter, Juhasz proved a much stronger result, Proposition 14. 36| using completely different 
techniques.) 
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Corollary 4.37. An irreducible balanced sutured manifold (M, 7) is a product manifold if and 
only if 

SFH(M,j) =Z. 

Note that the statement would be false without the word irreducible: if P (1) is the Poincare 
homology sphere with a 3-ball removed and a single suture along the spherical boundary, then 
SFH(P(1)) = 7L [JuOijl Rmk. 9.5], but -P(l) is not a product (and not irreducible by definition). 

4.7.2. Sutured Floer homology and Seifert surfaces. If K is a knot in a closed connected oriented 
3-manifold, a € H2(Yq(K)), and i G Z, then define 

HFK(Y,K,a,i) := HFK(Y,K,s). (33) 

{seSpin c (y,X)|(ci(0),Q>=2J} 

Sometimes when 1" and <S are obvious, we write HFK(K,g). See Section [3.61 for details on the 
notation and the definition of knot Floer homology. 

Theorem 4.38. [Ju08a, Thm. 1.5] Let K be a null-homologous knot in a closed connected ori- 
ented 3-manifold Y and let S CY be a minimal genus Seifert surface of K . Then 

SFH{Y{S)) *± HFK(Y,K, [S],g(S)) 

Proof. Since HFK(Y,K,s) = SFH(Y(K),s), when S is a minimal genus Seifert surface of K, 
we may rewrite Equation (|33p as 

HFK(Y,K,[S},g(S)):= SFH(Y(K),s), 

{ S eSpm c (Y(K))\(c 1 (s,t ),[S])=2g(S)} 

where we take to to be the canonical trivialisation of Vq given by the meridinal vector field £. 
In particular, recall that Y(K) is the sutured manifold obtain from Y by removing an open 
neighbourhood of K and adding two meridinal sutures with opposite orientations. Choose one 
oriented meridian and let it foliate dM, then at every point p E dM, there is a unit vector field 
£ obtained by taking the tangent vector to the meridian at that point as an element of T p dM. 
This vector field lies in Vq , and as such defines a trivialisation to: Vq — )■ dM x M 2 by taking 
(p, re zS ■ £) i—)- (p, re ) where M 2 is thought of as C. 

By Lemma f4. 251 we have that s is outer with respect to S if and only if (ci(s, t), [S]) = c(S, t), 
where t is a fixed trivialisation of Vq. Thus if we can show that c(S,t) = 2g(S), then 

HFK(Y,K,[S],g(S)) := SFH(Y(K),e), 

seO s 

where the right-hand side is precisely equal to SFH(Y(S)) according to Theorem 14.311 and so 
would complete the proof. 

So we turn to proving c(S,to) = 2g(S), for the trivialisation to as specified above. To begin 
with x(S') = l — 2g(S). Further, since OS C dN(K) is a longitude of K, the rotation of p(u s ) with 
respect to £ is zero. It is not hard to see that I(S) = — 1. So c(S, to) = 1 — 2g(S) — 1 = —2g{S). 
However, according to |OS08j . 

HFK{Y,K,[S\,g{S))=HFK(y i K,-[S\,-g{S)), 

so decomposing along —S we obtain the result. □ 

Remark 4.39. The fact that non-taut, irreducible sutured manifolds have SFH = (see 
Remark l4.35|) together with Theorem H3S1 gives another proof that knot Floer homology detects 
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the genus of the knot. In particular, if K is a genus g knot in a rational homology sphere Y, 
then HFK(K,g) / and HFK(K,i) = for all i > g. (The first proof was given in [OS04d].) 
Further, Theorem 14.381 together with the detection of product manifolds (Corollary 14. 37p . gives 
a simplified proof of the fact that knot Floer homology detects product manifolds. This method 
avoids the contact topology used by Ghiggini to prove the result for genus one knots [Gh08], 
and simplifies some methods used by Ni to prove the general case |Ni07j . 

Theorem 4.40. [Ju08b, Thm. 2.3] Let K be a genus g knot in S 3 . Let n be an integer greater 
than zero. If rank HFK(K,g) < 2 n+1 , then K has at most n pairwise disjoint non-isotopic 
genus g Seifert surfaces. In particular, if n = 1, then K has a unique Seifert surface up to 
equivalence. 

Proof. Let R\, . . . , R m be a m pairwise disjoint non-isotopic genus g Seifert surfaces. Without 
loss of generality supposed that the surface Rj separates Ri from Rj~ where l<i<j<k<m. 
Recall from Remark l4.7l that the sutured manifold obtained from a minimal genus Seifert surface 
complement is a taut, strongly balanced sutured manifold S 3 (Ri) for any i. 

Consider S 3 (Ri). Note that the disjoint surface R := R% U . . . U R m is nice, separates the 
manifold S 3 {R\) into m components (Mj,7j) labelled by the index of the Seifert surface that 
gives rise to R + (ji). By Corollary 14.321 it follows that 

rank SFH{S 3 {R 1 )) = rank SFH(M 1 ,-/ 1 ) ■ rankSFH(Mj 2 ) rank SFH(M n ,-/ n ). 

Then, by Corollary 14.371 (Mj,7j) is a product if and only if SFH{Mi,%) = Z, which is 
true if and only if Ri and Ri+i are isotopic Seifert surfaces. Thus vankSFH(Mi) > 2. So 
rank SFH(S 3 (R 1 )) >2 n . 

By Theorem I4.38J, SFH(S 3 (Ri)) = HFK(K,g), so if K has n pairwise disjoint non-isotopic 
genus g Seifert surfaces we have that HFK(K,g) > 2 m ; the result follows by reversing this 
implication. 

□ 

4.7.3. The SFH of a solid torus. Juhasz computed the sutured Floer homology of (M, 7) when 
M is the solid torus. Let T(p, q; n) be the balanced sutured manifold (M, 7), where M is a solid 
torus, and the sutures are n parallel (p, q) torus knots. Here p denotes the number of times the 
curve on dM goes around in the longitudinal direction. Note that n has to be even. 

Proposition 4.41. [JulOal Prop. 9.1] Suppose thatT(p,q;n) is as described above, and suppose 
that n = 2k + 2, for some non-negative integer k. Then there is an identification 

Spm c (T(p,q;n))^Z, 

such that the following holds 

SFH(T{p,q;n),i) = < 

I 0, otherwise. 

Here we explain one of the insights of the proof of Proposition I4.41| for the complete proof 
see the original reference. Let (Mi, 71) := T(l,0;n) and (1^2,^2) '■= T(p,q;m). Then we can 
obtain the manifold (M, 7) := T(p,q;m + n — 2) by simply gluing together (Mi, 71) and (M2,72) 
along two annuli A\ C dM\ and A2 C <9M2, where Ai is chosen to be a component of R-{^i). 
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By Corollary I4.32| we have that 

SFH {T{p, q;n + m-2)) = SFH(T(1, 0; n)) ® SFH(T{p, q; m)). (34) 

Firstly, note that T(l, 0; 2) is just a product manifold homeomorphic to Annulusx/, so SFH(T(1, 0; 2)) 
Z by Corollary |4.371 Next, notice that Equation (|34|) implies that if we can compute SFH(T(1, 0; 4)), 
then we can compute SFH(T(l,0,n)) for any n even. Further, with this information in mind, 
if we can compute SFH(T(p,q;2)), then we also know the SFH(T(p,q;n)) for any n. Juhasz 
finds the sutured diagrams of T(l, 0; 4) and of T(p, q; 2), and computes their sutured Floer ho- 
mology directly; see Example 7.5 of (JulOaj for the computation regarding T(l,0;4), and the 
proof of Proposition 14.411 for the computation regarding T(p,q;2). To reconstruct the Spin c 
grading, apart from Equation (f34"|) we need |Jul0al Prop. 3.4], which states the existence of, and 
describes the properties of, an afline map fs : Spin c (M', 7') — > Spin c (M, 7) obtained from a nice 
surface decomposition (M, 7) ~> 5 (M',7') of a strongly balanced sutured manifold (M, 7). 



4.8. The sutured polytope. We now have all the ingredients required to define the sutured 
Floer polytope, which is the polytope in H 2 (M,dM) derived from the Spin c support of sutured 
Floer homology. 

Let S(M,j) be the support of the sutured Floer homology of (M, 7): 

5(M, 7 ) := {s G Spin c (M,7) [ SFH(M,j,s) ^ 0}. 



Consider the map i : H 2 (M, dM; Z) -> H 2 (M, dM; R) induced by the inclusion Z4l For t a 
C(M,7,t) :={io Cl (s,t) |sg5(M, 7 )} c H 2 (M,dM;R). 



trivialisation of Vq, define 



Definition 4.42. The sutured Floer polytope P(M, 7, t) with respect to t is defined to be the 
convex hull of C(M, 7, t). 

Next, we have that ci(s,£i) — Ci(s,t2) is an element of H 2 (M,dM) dependent only on the 
trivialisations t\ and £2 (see Remark I4.24p . and therefore we may write P(M, 7) to mean the 
polytope in H 2 (M, 3M;R) up to translation. 

It is important to note that c\ "doubles the distances." Namely, for a fixed trivialisation t 
and 0i, 52 G Spin c (M, 7), Lemma 3.13 of (JulOaj says that 

ci(si,£) -ci(s 2 ,£) = 2(si -s 2 ), 

where Si — s 2 is the unique element h G H 2 (M, dM) such that 5\ = h + s 2 . Such an element 
exists and is unique by definition of a H 2 (M, <9M)-torsor. (A G-torsor is a set X on which G 
acts freely and transitively.) 

Let t G T(M,7). Then an element a G H 2 (M,dM;R) defines subsets P a (M,j,t) and 
C a (M,7,i) of P(M,7,i) and C(M,7,t), respectively [JulOal p. 17]. Firstly, set 

c(q, t) := min{(c, a) \ c G P(M, 7, t)}. (35) 

Then there is a subset H a C H 2 (M,dM;R) given by 

H a := {x G H 2 (M, dM; R) | (x, a) = c(a, t)}. 
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Lastly, 

P a (M, 1 ,t):=H a nP(M, 1 ,t), andC a (M,7,t):=tf a nC(M, 7 ,t), (36) 

SFH a {M,i) := 0{SFtf(M,7,s) | %{cy(a,t)) G C a (M n ,t)}. (37) 

For an explanation of the types of well-behaved surfaces mentioned in the last part of this 
section see Definitions 14,271 and 14,281 

Proposition 4.43. [JulOai Prop. 4.12] If (M, 7) is taut and strongly balanced, then P a (M, 7, i) 
is the convex hull of C a (M,~/,t) and it is a face of the polytope P(M, 7, t). Furthermore, if S 
is a nice decomposing surface that gives a taut decomposition (M, 7) ~» 5 (M',7') and [S] = a, 
then SFH(M',«/) = SFH a (M,i). 

The statement of part (i) of the following Corollary is simply the application of this fact, 
together with Gabai's result that given any a G H2(M,dM), there exists a groomed surface 
decomposition (M,i) -^ s (M',7') such that (M',7') is taut and [S] = a; see |Ga87al Lem. 0.7]. 
Part (ii) is slightly more involved, and builds on the theory developed in [JulOaJ. 

Corollary 4.44. [JulOai Cor. 4.15] Let (M',7) be a taut balanced sutured manifold, and suppose 
that i?2(M) = 0. Then the following two statements hold. 

(i) For every a G Fi2(M,dM), there exists a groomed surface decomposition (M, 7) ~^ s 
(M',7') such that (M',7') is taut, [S] = a, and 

SFH(M',j') ^ SFH a (M,~/). 

If moreover, a is well-groomed, then S can be chosen to be well-groomed. 
(ii) For every face F of P(M, 7, t), there exists an a G ^(M, dM) such that F = P a (M, 7, t). 

Example 4.45. The sutured Floer polytope is not centrally symmetric. For example the three- 
component Pretzel link P(2, 2, 2) (see Figure [TO]) has SFH(P(2, 2, 2)) = Z 3 , and the polytope is 
a triangle. In general, all three-component Pretzel links P(2s, 2£, 2r) have asymmetric polytopes 
(Example 8.5 of [FJR10] . and also see other examples in Section 8 of [FJR10]). 




Figure 10. The sutured Floer polytope of the Pretzel link P(2, 2, 2) is a triangle 
(so it is centrally asymmetric). 

Remark 4.46. Recall that Theorem 14.381 said that for a null-homologous knot K in a closed 
oriented 3-manifold Y, we have SFH(Y(S)) = HFK(Y,K,[S],g(S)), where S is a minimal 
genus Seifert surface. Note that if R is another minimal genus Seifert surface, and if H2(Y) = as 
is the case with Y = S 3 , then [R] = [S] G H 2 {Y (K) , dY (K)) . As a consequence SFH(Y(S)) = 
SFH(Y(R)). However, the sutured Floer polytopes P(Y(S)) and P(Y(R)) are not necessarily 
the same (up to translation). See [Alll] for an infinite family of knots K and pairs of Seifert 
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surfaces (S, R) for each knot that can be distinguished by their polytopes, and therefore, can 
also be distinguished by their sutured torsion (see Section I4.10p and their Spin c grading. 



4.9. Norms on 3-manifolds. Here we briefly review the various (semi)norms that have been 
defined on the second homology group H2(M,dM;M) of a 3-manifold M with boundary. This 
survey is meant to highlight the geometric nature of the sutured Floer polytope. 

Note that we are always given a map H2(M, dM) — > Z-°, which is first extended to a rational- 
valued map on H2(M, dM; Q) by linearity and then to a real- valued map on H 2 (M, dM; R) by 
continuity. Finally, in each case some work has to be done to show that the resulting map on 
the real-valued homology group is indeed a semi-norm. In each case, we refer to all three maps 
by the same symbol, but it is obvious which one we mean. 

Thurston defined a semi-norm on the homology of a 3-manifold (M, dM) with possibly empty 
boundary [Th86]. Given a properly embedded, oriented closed surface S C M, set 

X-( S ) '■= J2 max{0, -x(5j)}. 

components Si of S 

Then the Thurston semi-norm is given by the map 

x:H 2 (M,dM;R) ^ Z^°, 
x(a):= min{x-(S) | [S] = a € H 2 (M,dM)}. 

The semi- norm x is a norm if there exist no subspace of H 2 (M, dM) that is spanned by surfaces 
of non-negative Euler characteristic, that is, spheres, annuli and tori. The Thurston semi- 
norm measures the "complexity" of a certain homology class. Thurston showed that some 
top-dimensional faces of the norm unit ball were fibred; that is, if M fibres over the circle S 1 
with fibre a closed surface £ C M, then the ray passing through the lattice point [£] intersects 
the unit ball in the interior of a top-dimensional face, and all of the rational rays through that 
face represent fibrations of M. 

Scharlemann generalised the Thurston norm [Sch89j . As before let (M, dM) be a given 3- 
manifold and S a properly embedded surface in M. Now let f3 be a properly embedded 1-complex 
in M, and define 

Xp(S):= Yl nua{0,-x(S0 + |Sin/3|}. 

components Si of S 

Then the generalised Thurston norm is given by the map 

xp : H 2 (M,dM) -> Z-°, 
xp(a) := mm{xi3(S) | [S] = a G H 2 (M,dM)}. 



The generalised Thurston norm specialises to the case of sutured manifolds |CC0 6. Sch89j. In 
particular, suppose that (M, 7) is sutured manifold, and that S is a properly embedded surface. 
Then let n(S) denote the absolute value of the intersection number of dS and 5(7) as elements 
ofili(dM). Define 

X t(S) := Y, max {°' -*( 5 *) + \ n ( S *)}- 

components Si of S 
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Note that if we took j3 := 5(7), then xp(S) = ^X-(S) + x(S)- Similarly to before, the sutured 
Thurston norm is given by the map 

x s : H 2 (M,dM) -»• Z-°, 
x s (a) := min{xl(S) | [S] = a € H 2 (M,dM)}. 

The motivation for defining x s comes from looking at the manifold DM obtained by gluing two 
oppositely oriented copies of M along the boundary, that is, 

DM : = (M, 7) U (-M, -7)/ ~, 

where the equivalence relation identifies R+ij) with R+(— 7) point-wise in the obvious way. 
Then DM is referred to as the double of M. Similarly, if S is a properly embedded surface in 
M, then DS is the double of 5 in DM. Now, Theorem 2.3 of [CC06J says that there is a natural 
"doubling map" £>* : H 2 (M,dM;W) -»■ H 2 (DM,dDM;R), so that for any a e H 2 (M,dM;R), 
we have 

x s (a) = -s(D„(a)). 

So far all of the described norms have been symmetric. As the sutured Floer polytope is 
asymmetric in general, the unit balls of these norms are certainly not dual to the sutured Floer 
polytope. Also, in order to talk about the polytope as being dual to the unit ball of a norm, 
we must pick a trivialisation because otherwise the polytope is defined only up to translation in 
H 2 (M,dM). 

Fix a balanced sutured manifold (M, 7) and a trivialisation t € T(M, 7). Using the theory 
developed by Juhasz, we define an integer- valued function on H 2 (M,dM), dependent on t, that 
plays the role of the Thurston-type norms in the case of the sutured Floer polytope. First of 
all, recall the purely geometric invariant defined in Section! 



c(S,t):= X (S) + I(S)-r(S,t), (38) 

where x(5 r ) is the Euler characteristic, I(S) generalises the term — ^n(Si) in the definition of 
the sutured norm, and r(S,t) is an additional component, which accounts for the dependance 
of the polytope on the trivialisation t. 

Now, assuming that H 2 (M) = 0, for a fixed t € T(M, 7) we define the function 

y t :H 2 (M,dM)^Z, 
yt{p) := min{— c(S, t)) \ S nice decomposing surface, [S] = a}. 

Remark 4.47. As we noted before, any open groomed surface can be slightly perturbed into a 
nice surface. Any homology class a/0 has a groomed surface representative |Ga87a( Lem. 0.7], 
however it is not clear that a it necessarily has an open groomed representative. Thus the 
condition H 2 (M) = 0. We could have relaxed the definition and required each S to satisfy 
all the conditions of being nice except openness, but it is not clear that this would have been 
helpful. 

It can be shown that if T is a component of dS such that T (£_ 7, then I(T) = —- — p^- 
[JulOai Lem. 3.17]. In other words, in this case —I{T) = ^n(T) which is the second term in the 
definition of x s . 
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We would like to say that the function yt has some useful properties, such as that it satisfies 
the triangle inequality and positive homogeneity with respect to the integers. Indeed, as we see 
in Proposition 14.491 these properties follow from the definitions and from Lemma 14.481 

Lemma 4.48. [JulOaj Cor. 4.11] Let (M, 7) be a taut, strongly balanced sutured manifold such 
that H 2 {M) = 0. Then 

c(a,t) = max{c(S*, t) \ S a nice decomposing surface, [S] = a}. (39) 

Proposition 4.49. Let (M, 7) be a taut, strongly balanced sutured manifold such that H2(M) = 
0. Fix t € T(M, 7). Then for any a, f3 E H^iM, dM) and any m € Z, the following hold 

yt(\m\ -a) = \m\ -y t (a), 

Vt{a + P) <Vt(ct)+Vt(P)- 

Proof. From Lemma [4.48l it follows that yt{ot) = —c(a,t) for any a € Hi{M, dM). By definition 
c(a, t) = min{(c, a) \ c £ P(M, 7, t)}, thus 

y t (a) = max{(-c, a) \ c G P t }, 

where we have denoted P(M,j,t) by Pt. 

The first statement of the proposition is obvious. Proving the triangle inequality is also easy, 
and is identical to the proof given in [Jul Pal Prop. 8.2]: 

y t (a + /3) = max{(-c, a + (3) \ c € P t } 

= max{(— c, q) + (— c, j3) \ c G Pt} 

< max{(— c, q) : c € Pt} + max{(— c, j3) \ c G Pt} 

= yt(a)+y t (/3). 

□ 

As before we can extend yt to a rational- valued map on H2(M, dM; Q) by linearity and then 
to a real- valued map on H2(M, dM; M) by continuity. Thus, for any balanced sutured manifold 
with Pl2{M) = we can define a geometric sutured function 

y t : H 2 (M,dM) -+R, 

such that y t {r ■ a) = r ■ y t (a) and y r {a + /?) < y t (a) + y t {0) for r £ R and a, (3 e i?2(M, OM; R). 
The following corollary says that yt is actually a (semi) norm for a lot of the often-studied 
sutured manifolds. 

Corollary 4.50. Let (M, 7) 6e a taut, strongly balanced sutured manifold such that Pl2{M) = 0. 
// there exits oiG T(M, 7) such that 

y t : H 2 (M,dM)^R^°, 

then yt is an asymmetric semi-norm. In particular, this is the case when H 2 (M) = 0. Moreover, 
the unit ball of the semi-norm yt is the dual to the polytope P(M,"f,t). Finally, yt is a norm if 
and only if dim P{M, 7, t) = h(M). 

The fact that such a t exits follows from Lemma 3.12 of [JulOaj . Basically, when there is 
no torsion in H\{M), then we can choose a trivialisation such that P(M, 7, t) contains € 
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H 2 (M,dM). The very last statement in the corollary uses the same argument as in the proof 
of [JulOal Prop. 8.2]. 

Remark 4.51. Juhasz defines an asymmetric semi-norm y whose dual norm unit ball is —P(M, 7), 
where —P(M, 7) is the centrally symmetric image of P(M, 7) [JulOal Def. 8.1]. Here P(M, 7) is 
the polytope with the centre of mass at £ H 2 (M,dM;M). Specifically he defines 

y : H 2 (M,dM;R) -+ R^° 
y(a) := max{(— c, a) \ c € P(M, 7)}. 

When t is such that the centre of mass of P(M, 7, t) lies at € H 2 (M, dM), then yt = y. 

4.10. The Euler characteristic. Lastly, we explain how to compute the Euler characteristic 
of sutured Floer homology using a Fox calculus method developed in |FJR10j . 

Each of the groups SFH(M,'y,s) has a relative Z2 grading, which can be made into an 
absolute grading (see Section |2.5|) . Nevertheless, in order to speak of an absolute grading on 
the entire sutured Floer homology group, this must be done consistently for all s £ Spin c (M, 7). 
It turns out that this is possible and is equivalent to choosing a homology orientation oj of 
(M, R_(j)) [FJR101 p. 436]. Then, for every relative Spin c structure s, the Euler characteristic 
xSFH(M,'j,s) is well-defined with no sign ambiguity. Theorem 1 of [FJRIOJ tells us that 
the Euler characteristic with respect to the orientation uj, denoted by xSFH(M,^,5,u}), is a 
function T(m,j,u) '■ Spin c (M, 7) — > Z that can be thought of as the maximal abelian torsion of the 
pair (M, R-^)), in the sense of Turaev [TuOl] . Fixing an affine isomorphism l: Spin c (M, 7) — >■ 
Hi (M) lets us collect all of these functions into a single generating function 

r(M )7 ):= £ T (M)7)W) (s) • i(s). 

seSpin c (M,7) 

We refer to t(M, 7) as the sutured torsion invariant. 

In the case when (M, 7) is a manifold complementary to a Seifert surface we drop the reference 
to 7 and write just t(M) to mean r(M, 7). Note that r(M, 7) is an element of the group ring 
1i[Hi(M)], and that it is well-defined up to multiplication by an element of the form ±/i, where 
h € Hi(M). We can extend the affine isomorphism 1 linearly to a map on the group rings 
denoted by the same letter 1: Z[Spin c (M,7)] -> Z[Fi(M)]. Then 

t{M, 1 ) = l{ X SFH(M, 1 )). 

Remark 4.52. Notice that the abelian group H\(M) is thought of as a multiplicative group; 
hence the notion of being well-defined up to multiplication by an element. Specifically, if / = 
±/i • g, for elements /, g of the group ring Z[i^i(M)], then we use the notation / = g. 

4.11. Computation using Fox calculus. Finally, let us describe how to compute the torsion 
r(M, 7) of a given irreducible balanced sutured manifold (M, 7) with connected subsurfaces 
R±(j). Fix a basepoint p G R-(^y). Then Proposition 5.1 of [FJR10] tells us how to compute the 
torsion from the map k* : 717 (i?_ (7) , p) — > iri(M,p) induced by the natural inclusion k: R-i'j) ^-> 
M. 

First, take a geometrically balanced presentation of nx(M,p); that is, a presentation 

■Ki(M,p) = (a 1 ,... ,a m \n,...,r n ), 
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where the deficiency of the presentation m — n is equal to the genus g(dM) of the boundary of 
M. 

Obtaining a geometrically balanced presentation is not hard. Any balanced sutured manifold 
(M, 7) can be reconstructed in a standard way from a balanced sutured diagram (S, a,/3). 
Recall that to recover (M, 7), thicken StoSx [0, 1], regard a as curves on S x {0}, and (3 as 
curves on £ x {1}. Then attach 2-handles along a and f3 to obtain M with sutures <9£ x {1/2}. 

Suppose that we picked the orientations so that R-(j) is the component of the boundary 
on "the bottom" that includes the boundaries of the 2-handles attached to a. Note that the 
2-handles attached to a are precisely the 1-handles attached to R-("f). Then the generators of 
the free group iri(R-('~f),p) and the cores of the 1-handles attached to R-i'y) are a generating 
set for ni(M,p); the cores of the 2-handles attached to /3 give the relations of 717 (M,p) in these 
generators. Therefore, the deficiency of this presentation is equal to the number of generators 
of 77 (R- (7) , p) : say this number is /. Finally, as M is balanced, I is precisely equal to the genus 
of dM. 

Let 717 (R- (7) , p) := (o"i, ... ,0"/). Then the images of Uj under the map k* are words in the 
generators a% of 77 (M, p) . Now we can form the square matrix of Fox derivatives 

where <p: 7L\k\{M , p)] —} "Z[H\(M)] is the map induced by the abelianisation of the fundamental 
group. 

Remark 4.53. We use the convention that the Fox derivative is computed left-to-right. For 

example, take words u,w € Z[7Ti(M,p)] and apply the Fox derivative -^- : l*[iri(M, p)] — > 

Z[tti(M, p)] to uw. Then 

d(uw) du dw 

~~ a = a~ au g<» + u ^~ > 

oai oai ocii 

where aug: Z[7i"i(M,p)] — > Z is the augmentation map. 

Proposition 4.54. [FJR10, Prop. 5.1] Let (M, 7) 6e a balanced sutured manifold such that M 
is irreducible and the subsurfaces R±( r y) are connected. Then 



t(M, 7) = det 8 



M- 



In particular, Proposition l4.54l can be applied in the case of a sutured manifold complementary 
to a minimal genus Seifert surface of a knot in S 3 . 

Lastly, let us say what it means for two sutured torsion polynomials t\ := r(Mi,7i) € 
Z[iJi(Mi)] and t<± := r(M2,72) € Z[iJi(M2)] to be equivalent. Note that the only relevant 
choices that we have made is that of the affine isomorphism tj: Spin c (Mj,7,) — > Hi(Mi), for 
i = 1,2. Therefore, the two sutured torsion polynomials are equivalent t\ ~ T2 if there is an 
affine isomorphism ip: H\{M\) — > Hi(M2), which extends linearly to a map on the group rings, 
such that V ; ( T i) = T 2- Also, we say that xSFH(Mi, r yi) is equivalent to xSFH(M2, 72) if t\ ~ T2- 
Going back to Remark 14.461 we can now state the author's result precisely: [Alll| exhibits an 
infinite family of knots K C S s together with pairs of minimal genus Seifert surfaces (S, R) 
such that the two Euler characteristics t(S 3 (S)) and t(S 3 (R)) are not equivalent, even though 
SFH{S 3 (R)) = SHF(S 3 (S)). 



introduction to sutured floer homology 67 

References 

[Alll] I. Altman, Sutured Floer homology distinguishes between Seifert surfaces, Topology Appl. 159 (2012), 

no. 14, 3143-3155. 
[AU2] I. Altman, The sutured Floer polytope and taut depth one foliations, arXiv: 1205.0442 

[Ar65] V. I. Arnold, Sur une propiete topologique des applications globament canonique de la mechanique 

classique, C. R. Acad. Sci. Paris, 261 (1965), 3719-3722. 
[APS75] M. Atiyah, V. Patodi, I. Singer, Spectral assymetry and Riemannian geometry I, II, III, Math. Proc. 

Camb. Phil. Soc. 77, 78, 79, (1975) 43-69, 405-432, 71-99. 
[CC99] J. Cantwell, L. Conlon, Foliation cones, Geometry and Topology Monographs, Proceedings of the 

Kirbyfest, vol. 2, (1999), pp. 35-86. 
[CC06] J. Cantwell, L. Conlon, The sutured Thurston norm, math.GT/060653 

[DK01] J. F. Davis, P. Kirk, "Lecture Notes in Algebraic Topology", Amer. Math. Soc. Grad. Studies Math. 

35 (2001). 
[E67] H. I. Eliasson, Geometry of manifolds of maps, J. Diff. Geom. 1 (1967), 169-194. 

[FJR10] S. Friedl, A. Juhasz, J. Rasmussen, The decategorification of sutured Floer homology, J. Topol. 4 

(2011), no. 2, 431-478. 
[F88a] A. Floer, Morse theory for Lagrangian intersections, J. Differential Geom. 28, (1988), 513-54. 

[F88b] A. Floer, A Relative Morse Index for the Symplectic Action, Comm. Pure Appl. Math. 41, (1988), 

393-401. 
[F88c] A. Floer, The unregularized gradient flow of the symplectic action, Comm. Pure Appl. Math. 41, 

(1988), 775-813. 
[F89] A. Floer, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys. 120, (1989), 575-611. 

[FH93] A. Floer, H. Hofer, Coherent orientations for periodic orbit problems in symplectic geometry, Mathe- 

matische Zeitschrift, 212 (1993), 13-38. 
[FHS95] A. Floer, H. Hofer, D. A. Salamon, Transversality in elliptic Morse theory for the symplectic action, 

Duke Math. J., 80 (1995), 251-292. 
[Ga83] D. Gabai, Foliations and the topology of 3-manifolds, J. Differential Geom. 18 (1983), 445-503. 

[Ga87a] D. Gabai, Foliations and the topology of 3-manifolds. II, J. Differential Geom. 26 (1987), no. 3, 461- 

478. 
[Ga87b] D. Gabai, Foliations and the topology of 3-manifolds. Ill, J. Differential Geom. 26 (1987), no. 3, 

479-536. 
[Ga87c] D. Gabai, Genus is superadditive under band connected sum, Topology 26 (1987), no. 2, 209-210. 
[Ga89] D. Gabai, Surgery on knots in solid tori, Topology 28 (1989), no. 1, 1-6. 

[Gh08] P. Ghiggini, Knot Floer homology detects genus-one fibred knots, Amer. J. Math. 130 (2008), no. 5, 

1151-1169. 
[GS99] R. E. Gompf and A. I. Stipsicz, "4-Manifolds and Kirby Calculus", Graduate Studies in Mathematics 

20, A.M.S. (1999). 
[HJS08] M. Hedden, A. Juhasz, S. Sarkar, On sutured Floer homology and the equivalence of Seifert surfaces, 

arXiv: 08 02 .34151 
[KHM02] K. Honda, W. H. Kazez, G. Matic, Convex decomposition theory, Int. Math. Res. Not. (2002), no. 2, 

55-88. 
[KHM08] K. Honda, W. H. Kazez, G. MaticConiaci structures, sutured Floer homology and TQFT, 

larXiv:0807.2431l 
[KHM09] K. Honda, W. H. Kazez, G. Matic, The contact invariant in sutured Floer homology, Invent. Math. 

176 (2009), no. 3, 637676. 
[Jll] J. Jost, "Riemmanian Geometry and Geometric Analysis", Springer (2011 - 6th ed.) 

[Ju06] A. Juhasz, Holomorphic discs and sutured manifolds, Algebraic & Geometric Topology 6 (2006), 

1429-1457. 
[Ju08a] A. Juhasz, Floer homology and surface decomposition, Geom. Topol. 12 (2008), no. 1, 299-350. 
[Ju08b] A. Juhasz, Knot Floer homology and Seifert surfaces, Algebraic & Geometric Topology 8 (2008), 

603-608. 
[JulOa] A. Juhasz, The sutured Floer homology polytope, Geometry and Topology 14 (2010), 1303-1354. 



68 



IRIDA ALTMAN 



[JulOc] A. Juhasz, Cobordisms of sutured manifolds, arXiv: 0910. 4382 

[MacD62] I. G. MacDonald, Symmetric products of an algebraic curve, Topology 1 (1962), 319-343. 

[McDS98] D. McDuff, D. A. Salamon, "Introduction to symplectic topology", Oxford Uni. Press (1998 - 2nd 

ed.). 
[McDS12] D. McDuff, D. A. Salamon, "J-holomorphic curves and symplectic topology", Amer. Math. Soc. (2012 

- 2nd ed.). 
[Mi65] J. Milnor, Lectures on the h-cobordism theorem, Notes by L. Siebenmann and J. Sondow, Princeton 

University Press, Princeton, N.J. (1965). 
[Ni07] Y. Ni, Knot Floer homology detects fibred knots, Invent. Math. 170 (2007), no. 3, 577-608. 

[Ni09] Y. Ni, Heegaard Floer homology and fibred 3-manifolds, Amer. J. Math. 131 (2009), no. 4, 1047-1063. 

[Oh93] Y. G. Oh, Floer Cohomology of Lagrangian Intersections and Pseudo-Holomorphic Disks I, Comm. 

Pure Appl. Math. 46 (1993), 949-994. 
[Ohl2] Y. G. Oh, "Symplectic topology and Floer homology", book in preparation, draft available online at 

http://www.math.wisc . edu/~oh/ 
[OS04a] P. Ozsvath, Z. Szabo,, Holomorphic disks and topological invariants for closed three-manifolds, Ann. 

of Math. (2) 159 (2004), no. 3, 1027-1158. 
[OS04b] P. Ozsvath, Z. Szabo, Holomorphic disks and 3-manifold invariants: properties and applications, Ann. 

of Math. 159 (2004) no. 3, 1159-1245. 
[OS04c] P. Ozsvath, Z. Szabo, Knot Floer homology, genus bounds and mutation, Topology Appl. 141 (2004), 

59-85. 
[OS04d] P. Ozsvath, Z. Szabo, Holomorphic disks and genus bounds, Geom. Topol. 8 (2004), 311-334. 
[OS04e] P. Ozsvath, Z. Szabo, Holomorphic disks and knot invariants, Adv. Math. 186 (2004), no. 1, 58-116. 
[OS08] P. Ozsvath, Z. Szabo, Holomorphic disks, link invariants and the multi-variable Alexander polynomial, 

Algebr. Geom. Topol. 8 (2008), no. 2, 615-692. 
[OS08] P. Ozsvath, Z. Szabo, Holomorphic disks and knot invariants, Adv. Math. 186 (2004), no. 1, 58-116. 

[P08] T. Perutz, Hamiltonian handleslides for Heegaard Floer homology, Proceedings of Gokova Geometry- 

Topology Conference 2007 (2008), 15-35. 
[Ra03] J. Rasmussen, Floer homology and knot complements, Harvard University thesis (2003), 

arXiv : math . GT/0306378 
[RS95] J. Robbin, D. A. Salamon, The spectral flow and the Maslov index, Bull. London Math. Soc. 27 (1995), 

1-33. 
[S99] P. Seidel, Lagrangian two-spheres can be symplectically knotted, J. Differential Geom. 52 (1999), 145- 

171. 
[Sch89] Sutured manifolds and generalized Thurston norms, J. Differential Geom. 29 (1989), no. 3, 557-614. 

[S93] M. Schwarz, Morse homology, Progress in Math. Ill Birkhauser (1993). 

[Th86] W. P. Thurston, A norm for the homology of 3-manifolds, Mem. Amer. Math. Soc. 59 (1986), no. 339, 

i-vi and 99-130. 
[Tu90] V. Turaev, Euler structures, nonsingular vector fields, and Reidemeister-type torsions. (Russian) Izv. 

Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 3, 607-643, 672; translation in Math. USSR-Izv. 34 (1990), 

no. 3, 627-662. 
[Tu97] V. Turaev, Torsion invariants of Spine-Structures on 3-manifolds, Math. Res. Lett. 4 (1997), 679-695. 

[TuOl] V. Turaev, "Introduction to Combinatorial Torsions," Lectures in Mathematics, ETH Zurich, 2001. 

[V87] C. Viterbo, Intersection de sous-varietes lagrangiennes, fonctionnelles daction et indice des systemes 

hamiltoniens, Bull. Soc. Math. France, 115 (1987), 36-390. J. Weber, Perturbed closed geodesies are 

periodic orbits: Index and transversality, Mathematische Zeitschrift, 241 (2002) 4581. 
[W02] J. Weber, Perturbed closed geodesies are periodic orbits: Index and transversality, Mathematische 

Zeitschrift, 241 (2002), 45-81. 



Mathematics Institute, Zeeman Building, University of Warwick, UK. 
E-mail address: irida.altman@gmail.com 



